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Constructing Tests of Mathematical Concepts 
for Young Children 


J. WAYNE WRIGHTSTONE, DirECTOR 


Bureau of Educational Research, 
Board of Education of the City of New York 


BOUT TEN YEARS AGO, the Mathe- 
A matics Program in the elementary 
schools of New York City was modified 
so as to place an increasing emphasis on 
the ability of young children to do mathe- 
matical thinking. It was assumed that 
children can learn to think in the abstract 
terms of mathematics only if they learn 


meaningful concepts of arithmetic, or 
mathematics. The mathematics to be 
learned must not be too difficult for 


pupil understanding and must not be too 
easy to preclude a challenge to thinking. 


Developmental Mathematics, or Arithmetic 


The program in the elementary schools 
is developmental. The concepts the child 
acquires are developmental. They range 
from vague, approximate, and descriptive 
levels—for example, concepts of far, near, 
and many to the more specific and exact 
concepts of 23 feet, 195 pounds, or two 
2’s are 4, whether added or multiplied. 
The mathematics derived from the 
children’s experiences. The mathematical 
materials are used so that mathematics in 
the child’s experiences can be isolated and 
learned in mathematical ways. The initial 
understandings of mathematical concepts 


block 


1S 


grow out of such experiences as 


Sl 


building, painting, planting bulbs, using 
puzzles, planning parties, or preparing 
food. In such experiences, the children are 
taught to the comparative 
amounts of water and paints in jars, the 
shapes of puzzle pieces, the heights of 
children, the space needed for tables and 
chairs, the weights of boxes. Terms used 
to describe such comparisons include: 
higher, heavier, closer, longer, warmer, 
ete. 


observe 


Sequential Development of Arithmetic 
Concepts 

Each mathematics topic or concept is 
built through sequential developmental 
levels. First, the children engage in ex- 
periences where the number content is 
both directly or indirectly learned under 
the direction of the teacher. Second, they 
use representative materials—such as 
beads, discs, dimes and pennies, and tens 
frames—to establish relationships among 
numbers and arithmetical concepts. Third, 
under the direction of the teacher, they 
are stimulated to think through mathe- 
matical relationships and find different 
ways of solving the same problem. The 
fourth step is the written computation in 
which the children deal with 
number relationships. 
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Specifications for a Test of Arithmetical 
Meanings 

After the arithmetic curriculum for 
young children was determined, the need 
was apparent to build a test that would 
help teachers to estimate how adequately 
the pupils were gaining the concepts or 
meanings. A committee of teachers of De- 
velopmental Mathematics cooperated 
with the test technicians from the Bureau 
of Educational Research in order to con- 
struct such tests. A first step in this proc- 
ess was to set up the specifications for the 
tests. These specifications defined the 
scope of each test and nature of the test 
item content. 


Grade 1 Test 


At Grade 1 level, the test was divided 
into two major parts. Part 1 dealt with 
pre-measurement concepts and Part 2 
with numerical concepts. A brief outline 
of the specifications follows: 


Part 1 includes questions measuring the 
child’s knowledge of pre-measurement 
concepts in the following areas: 
1. Size—largest, longest, ete. 
. Shape—circle, square, ete. 
. Weight—heaviest, lightest, ete. 
. Time—longest, “right away,”’ etc. 
. Indefinite Quantity—most, few, 
etc. 
6. Place and Distance—above, out- 
side, etc. 


Cre W bo 


Part 2 includes questions measuring 
the child’s mastery of mathematical 
concepts in the following areas: 


1. Use of Symbols to Express One-to- 
One Correspondence—3 for three, 
6 for siz, etc. 

2. Cardinal Numbers as Expression 
of Total Groupings—wheels of an 
automobile, pennies in a nickel, 
etc. 

3. Use of Quantitative Terms— 
double, pair, etc. 

4. Ordinal Numbers as Expression of 
Place in a Series—second, fourth, 
ete. 


5. Addition—components of 3 (1 and 
2); adding 2, with 4 as point of 
reference, etc. 

6. Subtraction—remainder (6-1), com- 
parison—difference (10-5), ete. 


7. Multiplication—Two 2’s, four 2’s, 
ete. 

8. Division—twos in eight, fives jn 
ten, etc. 


9. Fractional Parts—half of single 
object, half of group of six, ete, 


Grade 2 Test 


The test for Grade 2 was also divided 
into two parts. Part 1 was designed to 
measure pre-measurement concepts and 
standard measures; Part 2 to measure 
numbers and processes. An outline of the 
scope and nature of the content of the 
Grade 2 test follows: 


Part 1 includes questions measuring the 
child’s knowledge of pre-measurement 
concepts and standard measures in the 
following areas: 


Size—largest, etc. 
Shape—rectangle, etc. 
Weight—lightest, etc. 

Indefinite Quantity—-empty, ete. 
Place and Distance—center, right, 
ete. 

6. Measures—clock, calendar, ete. 


Part 2 includes questions measuring | 


the child’s mastery of numbers and 
processes in the following areas: 


1. Use of Ordinal Numbers as an 
Expression of Place in a Series— 
fourth, eighth, ete. 

2. Fractional Parts—one third of 
single object, half of group of 10, 
etc. 

3. Addition—components of 7 (3 and 
4); three addends, 5, 4, 3, ete. 


4. Subtraction—remainder (8-5), re- | 


mainder (12-6), ete. 
5. Multiplication—three 3’s, four 2’s, 
etc. 


6. Division—twos in eight, twos in | 


twelve, ete. 
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Preparing Test Items 


The Developmental Mathematics teach- 
ers cooperated with the Bureau of Edu- 
cational Research in preparing test items, 
or exercises. Approximately two times 
as many items were prepared as were used 
in the final edition of the test. The pre- 
measurements concepts are measured by 
drawings of such objects as a series of 
four tables, four dolls, or four baseball 
bats in a panel or row. The child is di- 
rected to mark a cross on (1) the smallest 
table in the row, (2) the largest doll in the 


row, or (3) the longest bat of four in a row. 
Numerical concepts are measured by a 
drawing of an object followed by a row of 
five numbers. For example, a drawing of 
an automobile is followed by the numbers: 
23 4 5 6. 

The child is directed to look at the num- 
bers beside the drawing of the automobile. 
He is asked, ‘‘How many wheels does an 
automobile have? Make a cross on that 
number.”’ It will be observed that the pres- 
entation of test items is largely of a pic- 
torial nature for measuring the number 
concepts of young children. 
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Tryout of Test Items 


The next step in the construction of the 
tests was a try-out of the items using a 
group of 200 children. The results of this 
try-out permitted an analysis of the items 
and indicated which items were appropri- 
ate without change, which ones had to be 
revised and which items were not suited 
to the test situation. After the preliminary 
try-out and revision of the tests, a second 
try-out with a group of about 300 children 
was arranged. For each item an index of 
difficulty and discrimination, using the 
usual biserial coefficient, was obtained. A 
selection of the test items was then made 
and the test was administered to a sample 
population of approximately 1,000 chil- 
dren both in grade 1 and grade 2. 


National and New York City Editions 
of Tests 


After the construction of the New York 
Inventory of Mathematical Concepts for 
Grade 1 and for Grade 2, increasing interest 
was manifested by school systems to 
purchase the tests. In order to meet this 
need, parallel forms of the tests were con- 
structed for the World Book Company. 
These parallel forms of the test entitled 
New York Test of Arithmetical Meaning, 
Level 1 and Level 2, for the corresponding 
grade levels may now be obtained through 
the World Book Company, Yonkers, New 
York. 


Percentile Norms for the Tests 


In order to obtain norms for these tests, 
it was decided that the most meaningful 
interpretation of the test results could be 
obtained using percentile scores. In New 
York City the percentile scores for the 
Inventories of Mathematical Concepts were 
obtained by administering the final form 
of the test to a representative sample of 
approximately 20,000 pupils. The norms 
for the New York Test of Arithmetical 
Meaning were obtained by administering 
the test to a nation-wide sample of ap- 
proximately 20,000 pupils at each of grade 
levels 1 and 2. 


Reliability of the Tests 


The accuracy of each test as an instru. 
ment for measuring arithmetical mean- 
ings and concepts was determined by 
means of the Kuder-Richardson and the 
Spearman-Brown formulas. In addition, 
the probable error of measurement of ay 
obtained raw score was determined. The 
median coefficient of reliability for Grade | 
total score is .88. The probable error of 
measurement is approximately 2 raw 
score points. On the test for Grade 2 simi- 
lar studies of reliability provide a median 
coefficient of about .88 for the total test, 
The probable error of measurement is ap- 
proximately 2 raw score points. 


Validity of the Tests 


The validity of the tests is based mainly 
on a content analysis of the courses of 
study of mathematics in grades 1 and 2. 
They represent a sample of the content of 
the courses. In addition, the items have 
been examined by a jury of teachers in 
order to determine their representiveness 
of the concepts and meanings taught in 
grades 1 and 2. The tests show a high cor- 


relation with pupils’ performance in 
learning mathematics in primary grade 
classrooms. The tests meet these criteria 
satisfactorily. 


Using the Test Results 


The tests may be used to provide an in- | 
ventory of the arithmetical meanings and 
concepts acquired by pupils in grade | 
and grade 2. They provide a basis for 
grouping pupils for arithmetic instruction. | 
They aid in the diagnosis of individual 
and class strengths and weaknesses in 
arithmetical meanings and concepts. They 
help to adapt arithmetic instruction to 
the level of the group and to each indi- 
vidual. They provide one basis for assess | 
ing progress in arithmetic instruction and 
for interpreting tl e arithmetic program in | 
grades 1 and 2 to parents and patrons of | 
the school system. 


(Editor’s Note on page 108) 
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New Developments in Arithmetic Teaching 
in Britain 


Introducing the Concept of ‘‘Set”’ 


C. GATTEGNO 
Institute of Education, University of London 


1. Introduction 


F ONE IS PREPARED to study the activity 
] of the mathematician, not in its final 
form, but as it actually takes place, there 
are many new discoveries to be made. By 
the adoption of this view point, the prob- 
lems met in the teaching of mathematics 
at all levels are seen in a completely new 
light. In this short paper we shall first 
consider the place of arithmetic within 
the general mathematical activity, and 
then summarise a method developed by 
the author with material due to the genius 
of a Belgian schoo|master, Georges Cuisen- 
aire. 


2. Characterisation of the Mathematical 
Activity 


While it is true that every mathema- 
ticlan can recognise what is mathematical 
in the treatment of any subject matter, no 
definition of mathematics which would be 
acceptable to all mathematicians can be 
proposed. Our attempt to clarify this 
somewhat baffling position has led us to 
investigate what it is that characterises 
the activity of the mathematician, and 
we have found it to be an awareness of a 
particular type. We no longer need to 
contrast mathematical activity with other 
kinds of activity; we only need to state 
what it is and every mathematician will 
recognise that this is in fact what he ex- 
periences when he is at work. 

The first important point is to recog- 
nise that there are what we shall call 
virtual actions. Every human being is in- 
volved in a multitude of actions. When 
he stops to consider a position inwardly, 
for the purpose of selecting some aspect 
of an action as being preferable to others 
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and deciding to embark upon it, he is 
substituting virtual actions for real ones. 
Moreover virtual actions may lead to the 
extension of actual actions when these are 
replaced by internal processes. For in- 
stance, stringing beads is an action, and 
to imagine oneself doing so is, at first, to 
evoke the gesture without actually per- 
forming it, but to become aware of it as a 
possible action that can recur indefinitely 
is the virtual action which will serve as 
basis for the indefinite extension of addi- 
tion of units. 

Virtual actions participate of actions 
and therefore of all biological and mental 
life. In them, perception is implicit and 
with it the dynamics of the mind. By be- 
coming virtual, action extends its range, 
but the extension is not arbitrary. There 
are certain constraints inherent in the 
original action, and these now become 
potential. Thus, if for the actual staircase 
up which we go we substitute the set of 
steps, the virtual actions we obtain will be 
arithmetical progressions, and nothing 
more. In fact, the structures contained 
in the virtual action limit their extension, 
and it is awareness of these structures 
that makes the mathematician. 

All those, then, who are capable of re- 
placing actual actions by ones that are vir- 
tual and contemplating the structures 
therein contained, act, when they do so, 
as mathematicians. All of us are of course 
so capable, but not everyone delights in 
that kind of exercise, and so all men, al- 
though potential mathematicians, do not 
become professionals or even amateurs in 
this field. Life offers many other attrac- 
tions, both through actual and virtual 
actions, which involve awareness of other 
things than structures. 
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3. Structures and Relationships 


In the last fifty or so years, mathe- 
maticians have come to see that they are 
essentially concerned with sets of ele- 
ments upon which they induce structures 
by means of relationships. What matters 
te them is to know the maximum field of 
validity of a statement and to discover the 
proofs which most adequately correspond 
to the propositions involved. They state, 
in fact, that the concept of ““mathematical 
being’’ can be no more than a mental con- 
struct indicating a momentary halt in the 
process of discovering what lies behind a 
complex structure. 

But what mathematicians contemplate 
are mathematical situations containing a 
number of structures and relationships, 
but themselves defined by certain rela- 
tionships. There is an indefinite number of 
such situations. As an example, we can 
take the ‘“‘geo-boards’’ which we have 
introduced as a simple but pregnant means 
to understanding of what constitutes a 
geometrical situation. A board on which a 
lattice is marked can provide, when points 
of the lattice are joined, a number of 
figures (polygons). These can be described 
and their number found. By concentrating 
on particular aspects of the figures, we 
can select those which are congruent or 
similar, those which are symmetrical or 
regular. We can calculate areas or look for 
concurrencies, etc. The situation is mathe- 
matical by the fact that we are concerned 
with certain of the existing relationships, 
and not with the wood, the nails and the 
elastic bands which are the essential ele- 
ments of the actual board. By our actions 
we create relationships in the situation, 
and we are doing mathematics since we 
are abstracting one or more relationships 
from the background of all the possible 
relationships it contains. 

To differentiate between structures and 
relationships we could say that we are 
more easily aware of the latter and that 
when relationships become fixed in our 
minds we cal] them structures. In rela- 


tionships we are aware of the dynamic 
element; when it is overshadowed we see 
them as structures. 

Now circles are relationships, and we 
can conceive of relationships between 
cireles, e.g. overlapping, cutting, con- 
centricity, and from these we can extract 
new relationships, such as, for example, 
that the common chord of cutting cireles 
is perpendicular to the line of the centres, 

The vision of a mathematical eye is of 
these things, and it is a vision that can 
become available to others if they are 
made aware that they are aware of rela- 
tionships. To our mind, it is precisely this 
that is the function of mathematies 
teaching. 


4. Arithmetic 


What awareness is peculiar to arith- 
metic? How are arithmetical situations 
created? 

It is obvious that in arithmetic we are 
always concerned with numbers. The set 
on which we operate is a set of numbers, 
and the relationships that underlie the set 
are those which constitute what we can 
call “qualitative arithmetic.’’ First we 
have the awareness of sets and sub-sets, 
these being formed of the elements satis- 
fying a certain relationship. Thus ‘‘equiva- 
lent relations” (binary relations satisfying 
the conditions of being reflexive, sym- 
metrical and transitive), sub-divide a set 
into sub-sets or classes of equivalence 
such that each element belongs to one 
class and one only. By selecting one ele- 
ment from each class we obtain what is 
called the “quotient-set.’’ “Order rela- 


tions”’ (binary relations which are transi- | 


tive) structure some sets, and are more 
primitive than numbers. But the dynamic 
cause underlying arithmetic is what is 
called the “algebraic structures.’’ The set 
is such that ‘operations’ exist by which 
there corresponds to each pair of its 
elements another of its elements. The 
way in which the correspondence is made 
forms a set of relationships fixing the alge- 
braic structures. A very important such 
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structure is the “group,’’ which is recog- 
nised very early in childhood, and to which 
we shall return in a moment. 

The Cuisenaire material consists of 
coloured rods 1 sq. cm. in section, varying 
in length from 1 to 10 centimetres, those 
of the same length being of the same colour 
and related lengths being of related 
colours (reds 2, 4, 8 cms; blues 3, 6, 9 cms; 
yellows 5, 10 cms.; white 1 em.; black 7 
ems.). A set of these rods is at once seen 
to be sub-divisible into classes of equival- 
ence (the same colour or the same length), 
its quotient-set being formed of ten rods, 
one of each colour. The whole set is or- 
dered (the order relation being “greater 
than or equal to”’ or “smaller than or 
equal to’’) as is also the quotient-set, but 
the latter is “‘strictly’’ ordered (‘greater 
or smaller than’’). The way in which the 
rods are cut allows of the introduction of 
an algebraic operation corresponding to 
the action of placing rods end to end and 
thus obtaining new lengths; this can be 
noted as addition. In this way we obtain 
aset which, if we suppose the existence of 
an indefinite number of rods, is ‘“‘iso- 
morphic’’ to that of the positive rationals, 
i.e. in a one-to-one correspondence with it, 
and such that the operations performed 
on a pair of corresponding elements in the 
rods and the rationals give results which 
also correspond. This last statement re- 
quires proof. 

Since the length of any rod or of any 
number of rods end to end is a multiple 
of the white one, we obtain the sub-set of 
rationals constituted by the integers. 
But if we choose to measure any length 
using as measure any rod or length, we 
generate pairs of integers which are for us 
true fractions. The operation of addition 
of the integers satisfies the same condi- 
tions as the operation of putting rods 
end to end and finding the total length. 
In the case of fractions this will become 
clear when we have taken one further step 
in the direction of arithmetical situations. 

With the Cuisenaire material, any 
given length can be constructed by a 


number of groupings of rods of other 
lengths. These groupings we call decom- 
positions of that length, and it can be seen 
that the length is not affected by any per- 
mutation of the rods in a decomposition 
(we call this the commutative property 
of addition). By removing first one rod 
and then another, and _ discovering, 
through knowledge of what remains and 
of the original length, which rods were 
removed, we see that each addition corre- 
sponds to several subtractions. If the rods 
in a decomposition are of one colour only, 
we obtain at the same time two factors, 
which are sometimes equal, of the number 
represented by the length, and hence 
several fractions of it and their value. If 
the length cannot be completed by repe- 
tition of one rod or group of rods, we ob- 
tain division sums. When the set of de- 
compositions contains no row of one 
colour (or a row found by the repetition of 
the same group), the number is prime. 

A set of decompositions is therefore a 
fruitful arithmetical situation. The revo- 
lutionary character 6f the influence of the 
Cuisenaire material on arithmetic teach- 
ing is clear to see. In the first place it 
brings modern mathematics into the pri- 
mary stages of schooling, in particular 
the important recognition that fractions 
are ordered pairs of integers. Secondly, it 
substitutes for the study of numbers the 
study of the sets of their decompositions, 
making apparent the dynamic operations 
that structure these sets. As a result, addi- 
tion, subtraction, multiplication, factors, 
fractions and division are all seen at the 
same time, and as being generated by the 
virtual actions of the mind on the situa- 
tions. Thirdly, through the presentation 
of isomorphic systems, results which are 
seen to be obvious in one of them appear 
as true also for the other. Colour and 
length offer information that is perceivable 
and its translation into numerical lan- 
guage gives the latter the dynamics 
which is far less apparent when notation 
enly is used. Fourthly, since the rods are 
not sub-divided, they can represent a 
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different value each time they are used 
as measure for comparison with other 
rods. It is this fact that gives the material 
its unique property of introducing at the 
same time whole numbers and fractions, 
integers being seen as fractions whose unit 
of measurement is omitted and ignored. 

All this is, of course, of tremendous sig- 
nificance in the learning and teaching of 
arithmetic. The several thousand classes 
in which the Cuisenaire material has 
been in use in the last few years testify 
to the fact that what earlier seemed im- 
possible can now be done with ease. 
Children of 6 or 7 are thoroughly familiar 
with their tables, children of 5 conceive 
and compare fractions easily and accur- 
ately, children of 8 solve simultaneous 
equations and at 10 they understand per- 
mutations and combinations which they 
themselves form and analyse. 

A detailed account of our work with this 
material in several countries has been 
given in other publications and the reader 
who is interested can refer to the bibliog- 
raphy that follows. The research stimu- 
lated by the introduction into schools of 
Cuisenaire’s numbers in colour can be 
measured by the necessity felt for the 
creation of new international journals for 
the publication of material resulting from 
their use. 


5. Conclusion 


It has not been possible in this short 
note to elaborate any of the points we 
have made. This could indeed be done 
only in the form of a book. It may be felt 
that what is ultimately of primary im- 
portance is the raising of the level of 
teaching in schools, and that modern 
mathematics cannot be introduced into 
the syllabus of the early years while 
teachers of the first grades are insecure in 
their own knowledge of what they have 
to teach. This situation is universal and 
we have found that we can give to teach- 
ers, in intensive refresher courses of one 


to two weeks during which we use with 
them the material they will use on their 
return to school, the training that wil] 
enable them to recast the content of their 
syllabus and their methods of teaching. 
The ready response we have had from 
teachers in primary schools in several 
countries gives grounds for optimism and 
supports our hope that as a result of our 
sustained effort we shall in a few years see 
arithmetic enjoying a popularity equal 
to that it, at present, has with number 
fans. 

We now know where the trouble lies 
and where the remedy is to be found, 
Pupils of all ages and ranges of ability 
have responded to our teaching, which 
takes them to a much higher level and is 
much more abstract than is usually the 
case, with joy and real understanding of 
the issues. Other teachers who, like us, 
have had faith in their pupils and dared to 
stretch their minds, have had a similar 
experience. We are no longer at the trial 
stage and can look to the future with con- 
fidence. 
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15. “Note sur l’enseignement des 
matiques.’”’ Belgrade, 1956. 

16. ‘‘Le réle de la couleur dans |’étude de |’- 
arithmétique.”’ Bulletin de Recherches Péda- 
gogigues du Musée Pédagogique, Paris, 1956. 

Articles in Bulletin of the Association for 
Teaching aids in Mathematics, London, now 
appearing as ‘‘Mathematics Teaching.” 

N.B.—Cuisenaire’s numbers in colour are 
world copyright and cannot be produced in the 

U.S.A. unless agreement is reached with the 

author of this article on behalf of Cuisenaire. 


mathe- 


Epiror’s Note. When Professor Fehr of 
Teachers College, Columbia University was in 
Europe last year he learned about the work of 
Dr. Gattegno both in England and on the con- 
tinent. He also saw the colored rods which 
were developed by Georges Cuisenaire and 
which are described by Dr. Gattegno in this 
article. These are a different type of objective 
material than we commonly use in this country 
and in Europe Mr. Cuisenaire’s methods seem 
more mathematical and more rapid than we 
find in use with our pupils in the early elemen- 
tary school grades. Perhaps we do not exact as 
much thinking as we could and should from our 
pupils. With many kinds lf materials mathe- 
matical relationships can be discovered but it is 
the teacher who must provide the atmosphere 
favorable to thinking and discovery. 

Dr. Gattegno devoted his early study to re- 
search questions in pure mathematics but soon 
turned his interest to the problems of teaching 
mathematics. In 1950, he organized interna- 
tional seminars in mathematics teaching and 
has demonstrated teaching in the elementary 
and secondary schools of the principal countries 
of Europe. He was a member of the British 
Association Committee on the Teaching of 
Mathematics in the Primary School. The bib- 
liography will enable readers to become better 
acquainted with his work. 
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BOOK REVIEW 


Math. Can be Fun. Teacher Edition, 
$2.50 and Student Edition, $2.00 by 
Louis Grant Brandes. J. Weston Walch, 
Publisher, Box 1075, Portland, Maine, 
1956. 


Here is an excellent collection of inter- 
esting mathematics which every teacher 
should have available. The author directs 
his materials primarily to students in 
grades 7, 8, and 9 but many exercises can 
be used as low as grade four. The teacher 
Edition contains the answers which have 
been omitted from the Student Edition. 
The material is presented in 200 pages of 
size 81/2 by 11 inches in offset print. 
There are many good and some amusing 
illustrations. 

Mr. Brandes has dressed many of the 
old standard puzzles in new garb which 
is more appealing to youngsters. The 
content is organized under the following 
headings: (1) Number Oddities, (2) Puz- 
zles, (3) Tricks and Games, (4) Facts 
and Stories, (5) Test Yourself, (6) Optical 
illusions, (7) Some Tough Nuts to Crack, 
and (8) Linkages. An appendix contains a 
bibliography and suggestions for teachers. 
The index not only lists the many topics 
but also classifies them as puzzles, stories, 
etc. 

This is not intended to be a textbook. 
Rather, it should serve as interesting 
supplemental mathematics. Many people, 
both young and old, are intrigued by 
puzzles, games, tricks, oddities, and il- 
lusions and such devises often have a 
value far beyond the puzzle element. 
Many teachers have found that pupils 
gain an interest in mathematics through 
such devices. Here in one book which is 
addressed to pupils is a goldmine for the 
busy teacher. 

Ben A. SUELTz 
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Classroom Experiences with Recreational 
Arithmetic 


Ruts H. Nies* 
Sixth Grade, Wright School, St. Louis County, Mo. 


UCH OF THE SO-CALLED DISLIKE for 
M arithmetic in the _ intermediate 
grades is only pretense. Attitudes of 
apathy and hatred can be changed to con- 
tagious enthusiasm when methods of 
recreational arithmetic are employed. 
When pupils participate in the healthy 
enjoyment of number games, they are not 
ashamed to admit their enjoyment to the 
world in general. Original puzzles, tricks, 
and recreational units devised by pupils 
prove that working with numbers is not 
really distasteful. 

Recreational mathematics can serve as 
a “pepper-upper”’ to start a school day or 
to begin an arithmetic period. A short 
impromptu game will sharpen wits on a 
dull day and will relieve tensions and 
boredom. Sometimes between periods, 
just before lunch, or before dismissal time 
there are five or ten minutes which seem 
to “dangle” and which are opportune for 
a game which can build a worthwhile in- 
terest in working with numbers. An oc- 
casional interruption of the usual routine 
with a puzzle, joke, story, riddle, or game 
not only provides a pleasurable break 
but may also be stimulating for interest 
in learning. There are many stories, 
games, and puzzles with a mathematical 
content. 

{n our area some children must come to 
school early and have free time before 
school and must stay indoors when 
weather does not permit outdoor play. 
A “number oddity’? or a number pro- 
gression or some pattern of numbers writ- 


* Mrs. Nies developed an interest in and a 
basis for recreational arithmetic in a course 
with Dr. Margaret F. Willerding at Harris 
Teachers College, St. Louis, Mo. 


ten on the chalk board will fill the pupil’s 
time pleasantly and to good advantage, 


HERE ARE A FEW EXAMPLES: 


1. Select a number less than 10 
Multiply it by 9 
Use the result as a multiplier of 
123456789 
(The final product will be a succes- 
sion of the digit originally chosen) 
(Expect for a zero in the 10’s place.) 
7 123456789 
x9 X63 
63 370370367 
740740734 
7777777707 


to 


Select a three-digit 
number 
reverse the order of 453 
digits —354 
subtract the smaller 99 +9=1] 
number from the 
larger 
divide the result by 
(The answer can be 
read backward or 
forward) 


3. Add: 123456789 
987654321 
123456789 
987654321 

2 


222222222 
(Don’t show the an- 


swer, let pupils 
find it.) 


Boys and girls like to see for themselves | 


how these exercises ‘work out.’’ They 
will test one repeatedly, try it with other 
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numbers, and in the meantime they are 
developing speed and accuracy without 
sensing any drill. They think it is ‘“‘kinda 
fun.’’? Some days I will put a number odd- 
ity or riddle on the chalk board or bulletin 
board and make no comment about it. 
Many children will “surprise’’ me by 
solving the oddity in their spare time. 
Like many teachers, I have a stock of 
seasonal items. Occasionally codes are 
used and both the boys and girls have a 
great fondness for them. 


1. CopE PROBLEM: 


Add: In the sum each letter represents 
a distinct digit. Find the numbers. 


S E N D 
M O R E 
MON E Y 


2. Hocus Pocus HALLOWEEN: 
Add. In the sum each letter represents 
a distinct digit. Find the numbers. 


TN 


3. AprIL Foou’s Puzzue: 


Write a number of three digits on your 
paper. Be sure that the difference between 
the first and last digit exceeds one. Re- 
verse the digits. Find the difference be- 
tween the two numbers. Reverse the 
digits of this difference. Add these two 
numbers. Multiply by a million. Subtract 
966,685,433. Substitute these letters for 
figures: under every figure 1, write the 
letter L, under every figure 2, write the 
letter O, under every figure 3, write the 
letter F, under every figure 4, write the 
letter I, under every figure 5, write the 
letter R, under every figure 6, write the 
letter P, under every figure 7, write the 
letter A. Read the result backwards. 

I have observed that frequently pupils 
will take a greater interest in numbers 
and measures if they know something 


about how these originated. The history 


of mathematics in a simplified version 
fascinates the elementary school child. 
My pupils particularly like such things 
as the “stick method” of counting, ancient 
ways of telling time, early calendars, etc. 
These topics also help them to appreciate 
modern arithmetic. The formula for find- 
ing area seems more useful to a child 
when he sees how troublesome area prob- 
lems were to the Egyptian rope-stretchers. 
The story of our modern standardized 
measures and how these were developed 
can be both dramatic and worthwhile. 
The humor of impractical methods of 
measuring yards and feet in the days of 
King Henry II helps emphasize the im- 
portance of accuracy. 

The interest of almost all children can 
be captured by stories, but some will 
prefer action. When pupils experiment 
with an abacus, geometric paper folding, 
or a set of Napier’s “bones” which they 
themselves construct, I find their con- 
cepts of numbers and processes strength- 
ened. Certain games and puzzles afford 
action, but not every child will enjoy 
arithmetic games immediately. He may 
not “catch on” to the tricks and short 
computations or he may not ‘“‘see”’ a 
pattern or relationship in number pro- 
gressions, or he may not grasp the essen- 
tial point of a riddle. On the other hand, 
there are times when recreational mate- 
rials will help a child to sense number rela- 
tionships which he cannot understand 
through basic techniques. In certain 
remedial cases, when all other methods 
have failed, “light has dawned” during 
use of recreational devices. But it would 
be a mistake to force a child to participate 
in number games. Let him observe pas- 
sively, he may soon take an active interest 
along with his classmates. 

Likewise, it is a mistake to “explain”’ 
some short computations which may 
only confuse some of the children. A trick 
or a puzzle which calls for processes be- 
yond the current learning level of the 
class is not useful. Conversely, one which 
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makes application of a child’s current 
stock of number facts provides him with a 
thrill when he sees it work. The fourth 
grader who sees for the first time the inter- 
esting patterns made by multiples of 9 is 
actually gleeful when he reaches grades 
five and six and more advanced patterns 
he can work out with ‘Magic 9,”’ ‘Tricky 
3,” and “Lucky 7.” 


TRICKY 3 


37X 3=111 
37 X 6=222 
37X 9=333 


37 X12 =444 
37 X15 =555 
37 X18 = 666 
37 X21=777 
37 X24=888 
37 X27 = 999 


LUCKY 7 
15,873 7=111,111 
15,873 X 14 = 222,222 


15,873 X21 = 333,333 
15,873 X28 = 444,444 
15,873 X35 = 555,555 
15,873 X42 = 666,666 


15,873 X56 = 888,888 
15,873 X63 = 999,999 


MAGIC 9 


123456789 X 
123456789 X 18 = 222222222 
123456789 X 27 = 333333333 
123456789 X36 = 444444444 


123456789 X 45 = 555555555 
123456789 X 54 = 666666666 
123456789 X63 = 777777777 


123456789 X72 = 888888888 
123456789 X81 = 999999999 
222222222 X 9 = 1999999998 
333333333 X 9 = 2999999997 
444444444 XK 9 = 3999999996 
555555555 X 9 = 4999999995 
666666666 X 9 = 5999999994 
777777777 X9 = 6999999993 
888888888 x 9 = 7999999992 
999999999 X 9 = 899999999 1 


I have no wish to over-emphasize 
arithmetic in our course of study. Any 
sixth grade teacher knows that she must 
cover much ground in teaching many 
other subjects. Occasionally correlation 
with arithmetic proves valuable. In science 
the study of the solar system has provided 
information and entertainment for pupils 
who have devised recreational type units, 
They prepare these in committees and 
small study groups beyond the minimum 
assignment. Our language arts activities 
include dramatizations. We have written 
and presented several dramatizations 
based upon arithmetic. In the social 
studies our units the Latin American 
countries, the British Isles, Canada, and 
Australia. Possibilities for recreational 
units involving arithmetic are obvious, 
Comparisons and contrasts relative to 
size in area, population, etc. always 
strengthen knowledge in both fields. | 
have had many such units worked out by 
pupils. Subject matter of the sixth, 
seventh, and eighth grades is especially 
good for incidental correlation of other 
subjects with arithmetic. 

Drills and number games for fun can 
be used in lower grades, but recreational 
arithmetic begins to come into its own in 
grades four through eight, after basie 
fundamentals have been mastered. Of 
course, these same fundamentals need 
constant review. 

Because sixth-graders love guessing 
games, I may start one out by saying, 
“Think of a number between 1 and 10, 
and I'll bet I can guess your number! 
Write it down, but don’t let anyone see it. 
Now multiply your number by 3. Add 1. 
Multiply the result by 3. Add the number 
which you selected in the beginning and 
be ready to tell me your final answer. I'll 
promise to guess your original number if 
you have made no careless mistake!” 
By striking out the units digit in the 
final answer, the child’s number will re- 
main, but of course I don’t tell that 
“secret’”’ to the class. Until they discover 
it, they are amazed at my ability, and 
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they all clamor to have me guess their 
chosen numbers. I may add a few more 
dificult guessing tricks with two or three 
digits. When the secrets are exposed, the 
pupils all try the tricks on Mom, Dad, 
Big Brother, or Sister when they go home. 
It gives my sixth-graders a chance to 
“show-off”? at home, perhaps to gain 
added prestige. Often, as Dr. Willerding 
has pointed out, children can establish, 
through recreational arithmetic, a new 
type of comradeship with the elder mem- 
bers of their families. This leads to an 
exchange of tricks and puzzles, which 
stimulates interest in mathematics. Eyes 
and ears are alerted for new tricks to try. 
I am always delighted when my pupils 
bring a trick worked out at home or 
spotted in a newspaper or magazine. 
Guessing ages, birth dates, small change, 
pages in a book, etc. is sufficient fun to 
prove to an eleven year old that working 
with numbers is not all dreary business. 
On the basis of personal experience, I 
feel impelled to reiterate that, going be- 
yond the point of having fun, working 
with magic squares and cross number 
puzzles can actually strengthen mathe- 
matical ability. When I present a magic 
square to my class, I explain what one is 
and how it is constructed. I demonstrate 
with one simple 9-celled square and tell 
the class that there are seven other pos- 
sible combinations. Within a few minutes 
many pupils come up with the other 
squares filled in; they beg for more pat- 
terns, larger and more difficult squares. 
Cross-number puzzles serve as good 
review of basic processes. I teach area, 
perimeter, percents and decimals as ap- 
plied to practical, every-day life, of 
course. But the necessary processes and 
formulae can be reviewed in cross-number 
puzzles. These are not usually included in 
text-books, and, while the text-book is 
important in an arithmetic program, ma- 
terials not found between its pages seem 
to have more magnetism for the minds of 
sixth-graders. If the pupils like the puzzles 


MAGIC SQUARE 


717. 


§ 1116 


I give them for review, they make puzzles 
of their own to exchange with classmates. 
None of these has been required, but I 
have been surprised at the number of 
puzzles turned in on a voluntary basis. 
My files are full of really good recreational 
materials which are the original creations 
of pupils. 

When youngsters choose to use leisure 
time to “play” with numbers and when 
they beg to remain indoors at recess to 
work on number puzzles (which plea I 
do not grant in good weather!), I am sure 
that sixth-graders do like arithmetic. 
But of course the true test comes in 
evaluating the results of a program where 
recreational methods are used. Standard 
tests show the pupils’ performance to be 
well above the norm. Each year the im- 
provement in arithmetic achievement is 
gratifying. During this year the progres- 
sive growth in skills has been especially 
noteworthy. I must in no way imply that 
recreational arithmetic is solely respon- 
sible for a good achievement record. There 
are various contributing factors. 

I recognize that many teaching pro- 
cedures are necessary for a thoroughly 
rounded arithmetic program. Recreational 
devices are only among the many, but 
their value should not be overlooked. 
Some teachers will say that they have no 
time for fun in arithmetic. I think that 
they should allocate some time for it. I 
believe improvement in pupils’ skills and 


attitudes will result. 
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Addition and Subtraction Situations 


Joun RECKZEH 
State Teachers College, Jersey City, N. J. 


N HIS ARTICLE, ‘Which Way Arith- 

metic?” Professor Van Engen! im- 
plicitly defines an additive or addition 
situation as one in which groups are joined 
to form a single group. He specifically 
states that there are three additive situa- 
tions as follows: 


(1) To a group of known size, it is 
required to determine how large a 
group must be added to obtain a 
larger group of known size. 6 plus 
what number is 9 or 6+N=9 is 
typical of this type. 

To a group whose size is not known, 
a group of known size is added and 
the size of the resulting group is 
known. The problem is to determine 
the size of the original group. What 
number plus 6 is 9 or N+6=9 is 
typical of this type. 

Two or more groups of known size 
are joined to form a single group. 
Addition determines the size of the 
single group. 


(3) 


Situation (3) above is the one that most 
people will recognize immediately as being 
additive. That any problem which 
produces a situation of type (3) will re- 
quire addition for its solution. 

Since (1) and (2) do involve the joining 
of two groups (one of which is unknown 
in size) to form a single group, these situa- 
tions must be considered additive by the 
definition above. However, problems 
which produce either situation (1) or (2) 
must be solved by subtraction. Thus, the 
definition stated in the first sentence of 
this article produces the somewhat un- 
expected result of having problems which 


18S, 


'H. Van Engen, “Which Way Arithmetic?”, 
Tue ARITHMETIC TEACHER, December, 1955, 
p. 131. 


must be classified as additive but which 
require subtraction for their solution. 

It is worth pointing out at this point 
that one of the major developments in 
the meaningful teaching of arithmetic jg 
an approach to problem solving that is 
based on the nature of the groups of ob- 
jects or things involved in the problem 
and how these groups are altered or re- 
distributed in the course of the solution 
of the problem. Certainly it is no longer 
defensible to use the old fashioned method 
of saying that certain key words such as 
more than, less than, and of indicate the 
operations of addition, subtraction and 
multiplication, respectively. 

An approach to problem solving that 
uses terms such as “additive situation” 
and “joining of groups’’ is certainly in 
accord with the best practices accepted to 
date in teaching arithmetic meaningfully. 
However, a terminology that requires 
that problems producing additive situa- 
tions which must be solved by subtraction 
seems unfortunate. It should be recog- 
nized that in analyzing problem solving in 
arithmetic, the basic situations encoun- 
tered must be accepted as they are found, 
but the names applied to these situations 
are arbitrary, with the exception that 
tradition has, in many instances, fixed 
certain names for certain situations. 

The concept and term of “additive 
situation” are quite new and tradition has 
not had sufficient time to set the accepted 
meaning for this term as yet. As is pointed 
out in “Which Way Arithmetic?”’, arith- 
metic has been considered to be the proe- 
essing of numbers and not the analysis 
of situations. It would certainly seem de- 
sirable to find a terminology that would 
have problems with additive situations 
solved by addition. It seems almost self- 
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evident that much less confusion would 
result in the learning stages if it were 
possible to choose a terminology that 
associated only addition with additive 
situations. IT IS POSSIBLE. The follow- 
ing definition of an additive situation 
makes it possible. 


Redefining Additive Situations 


AN ADDITIVE SITUATION is One in which 
two or more groups of <nown size are 
joined to form a single group where the 
size of the latter group is to be deter- 
mined. 

This is, of course, the situation (3) re- 
ferred to in the beginning of this article. 
If this is accepted as the definition of an 
additive situation, then situations (1) and 
(2) are no longer additive situations even 
though joining does take place. They are 
not additive because the size of both of the 
groups being joined is not known. 

Professor Van Engen states in his 
article, ‘‘Children are taught that when 
groups are joined the process of addition 
is used.”’ If the children are taught that 
when groups of known size are joined, the 
process of addition is used, the problem 
of terminology will be much simplified 
and addition will be the only operation 
required for additive situations. 

If the definition (3) is accepted as the 
only additive situation, the problem of 
how to classify and solve problems pro- 
ducing situations (1) and (2) is unresolved. 
Since subtraction is necessary for the solu- 
tion of such problems, it 
natural to classify 
subtractive or 


would seem 
such situations as 
subtraction situations. 
However, in analyzing all problems which 
require subtraction for their solution, one 
discovers that no one description is suffi- 
cient. Indeed, some authors list four dis- 
tinct subtraction situations. As has been 
pointed out, the situations that produce 
subtractions are as we find them, but to 
inspect these situations so carefully that 
subtle differences are over emphasized 


does not seem to be in the best interest of | 


learning on an early elementary school 


level. While any mathematician and 
many others will readily distinguish be- 
tween situations (1) and (2), there is a 
strong argument for emphasizing the 
similarities rather than the differences 
between these two situations. They both 
involve the joining of two groups, the size 
of one being unknown, to form a single 
group of known size, and they both re- 
quire subtraction for solution. There seems 
to be little justification to present (1) 
and (2) as separate situations in the 
elementary school when they can be pre- 
sented under the single situation just 
described. There is certainly no violation 
of any basic mathematical principle in 
this approach. Indeed, the algebraic 
statements of the typical problems cited, 
6+N=9 and N+3=9, would almost 
never be classed as different types of 
equations. 


Defining Subtraction Situations 


From the point of view of the elemen- 
tary school, the basic subtraction concept 
is the take away concept, and the basic 
subtraction situation would then be de-’ 
fined as below. 

THE BASIC SUBTRACTION SITUATION is 
that in which known part of a group of 
specified size is removed. The purpose of 
performing the subtraction is to deter- 
mine the size of the remaining portion of 
the original group. 

To present problem solving for prob- 
lems which involve subtraction on the 
basis of four distinct subtraction situa- 
tions becomes a rather formidable job. 
There can be no denying, however, that 
these situations do exist. For example, 
one very common subtraction situation 
which has not been mentioned as yet in- 
volves comparison. 

The comparative subtraction situation 
occurs when two distinct groups of known 
size are compared to decide how much 
more or less one is than the other. 

This situation occurs frequently in 
problems encountered in the elementary 
school. A sensible approach would seem 
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to be to emphasize the relationship of 
this situation to the basic one described 
previously. Consider the following prob- 
lem. 

Compare a group of eight circles with 
a group of five triangles to determine how 
many more circles there are than triangles. 
To solve this problem, arrange the circles 
and triangles as demonstrated: 


With this arrangement, it can be seen 
that the problem can be solved by taking 
away from the original group of eight 
circles, a group of five circles (one for 
each triangle). In this manner, a problem 
producing a comparative subtraction situ- 
ation is solved by reducing it to the basic 
subtraction situation. 

Since problem solving in arithmetic is 
largely that of penetrating the verbal 
description of the problem to determine 
the situation involved, it is important 
that students be given the opportunity to 
interpret situations verbally. There are 
four common ways in which the sub- 
traction just encountered might be de- 
scribed. 

1. A group of five circles removed from 
a group of eight circles leaves a group of 
three circles. 

2. The difference between a group of 
eight circles and a group of three circles 
is a group of three circles. 

3. A group of five circles is three less 
than a group of eight circles. 

4. A group of eight circles is three 
circles mote than a group of five circles. 

The first statement is a literal descrip- 
tion of what actually happens in the 
basie subtraction situation as previously 
described. 

The next three statements show how 
the process of subtraction is described by 
the commonly used terms, difference, less 
than and more than. No student can be 
said to have a mastery of subtraction 
from the verbal interpretive point of view 


if he cannot interpret subtraction in these 
four ways. 

The fourth statement has an additiona] 
feature which is very important. It 
points out the important relationship 
that by adding the difference to the sub- 
trahend, one obtains the minuend. This jg 
essentially a statement of the inverse 
relationship between addition and sub- 
traction. It is also the basis for the additive 
method of subtraction, to say nothing of 
the fact that it is introduced as a means 
of checking subtraction almost imme- 
diately after subtraction itself is intro- 
duced. 

With this phase of the discussion com- 
pleted, it is now possible to discuss the 
solutions of problems producing the 
“additive situations’ (1) and (2) as dis- 
cussed by Van Engen. Consider the fol- 
lowing problem. ‘ 

A boy wants a $50 bicycle but has only 
$20. How much more must he save? 

A student noting that the joining of 
two groups is involved should also note 
that the size of only one of the groups to 
be joined is known so that it is not an 
addition situation. A student familiar 
with the basic subtraction situation and 
the four ways of interpreting it could 
solve the problem in the following steps: 

a. A group of $20 removed from a group 
of $50 leaves a group of $30. 

b. This means that $50 is $30 more 
than $20 and that therefore $30 more is 
required before the bicycle can be pur- 
chased. 

The solution of a problem producing 
situation (2) is essentially the same. Only 
a change in the order of addition is re- 
quired and most students do this naturally 
on the basis of experience. 

While the opinions stated in this article 
are based on a very considerable amount 
of informal experimentation, there is little 
or no scientific evidence to back up these 
opinions. To my knowledge the same can 
be said for the opinions of Professor Van 
Engen. In fact the entire meaning theory, 
which is currently accepted by the bulk of 
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mathematics educators today, has an 
appallingly small amount of authentic 
research on which to base its claims. There 
is a great need for careful research to in- 
yestigate many of the issues discussed 
here. 


Summary 


A summary of the discussion thus far 
should include the following major points: 

1. Both this article and that of Van 
Engen advocate an approach to problem 
solving based on the recognition of the 
situation described by the problem. Both 
agree that the approach which attempts to 
connect key words with the processes of 
addition, subtraction, multiplication and 
division is old-fashioned and undesirable. 

2. The major difference is one of termi- 
nology. This article advocates that a 
situation be called additive only when all 
problems producing this situation must 
be solved by addition. The same prin- 
ciple should apply to subtraction, multi- 
plication and division situations. 

3. This article proposes that there is 
only one additive or addition situation 
and that this occurs when two or more 
groups of known size are combined into a 
single group. The purpose of addition is to 
determine the size of the single group. 

4. This article discusses the following 
subtraction situations: 

a. The take away situation which is 
called the basic subtraction situa- 
tion. In this, part of a group is re- 
moved and the subtraction deter- 
mines what is left. 

b. The comparison situation. In this 
two distinct groups are compared to 
determine how much more or less 
one is than the other. 

c. The joining situation where one of 
the joining groups is unknown in size, 
but the size of the final group is 
known. Subtraction determines the 
size of the unknown group. 


5. This article advocates the use of 
4a (above) as the basic subtraction situa- 
tion and that the other situations be inter- 
preted in terms of 4a as described above. 
It should be noted that both of the ‘‘addi- 
tive situations” (1) and (2) are included 
in situation 4c. This is in line with the 
principle that the similarities between the 
situations should be emphasized as much 
as possible, rather than the differences, 
during the early stages of learning. 

6. Given the subtraction x—y=d, the 
student should be able to interpret it 
verbally in the following four ways: 


a. A group of y items removed from a 
group x items leaves a group of d 
items. 

b. The difference between a group of x 
items and a group of y items is a 
group of d items. 

c. A group of y items is a group of d 
items less than a group of x items. 

d. A group of z items is a group of d 
items more than a group of y items. 


The question of timing, or over what 
period of time should these ideas be in- 
troduced, has not been discussed. This 
will largely be determined by the text used 
in most situations. 

A discussion of multiplication and 
division situations will follow at a later 
date. 


Epiror’s Note. Both Messrs. Reckzeh and 
Van Engen have discussed basic ideas which 
must be considered by those who are concerned 
with the direction of arithmetic programs. Both 
desire the understanding of relationships in a 
situation as a key to the process involved. Mr. 
Reckzeh points out the danger in too much 
refinement for children at the early stages of 
learning. There is however a need for teachers 
to think clearly about situations and their 
mathematical content. We must not lose sight 
of our basic aim and that is to teach pupils (a) 
to recognize a situation that is mathematical, 
(b) to understand the mathematical relation- 
ships involved, (c) to think in terms of the 
needed mathematical elements, and (d) to per- 
form satisfactorily in the judgments and com- 
putations needed for a valid conclusion. 
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Inconsistencies in the Teaching of Arithmetic 
Part Il 


Lesuige A. Dwicur 
Southeastern State College, Durant, Okla. 


N THE MARCH ISSUER, thirty; test items 
I were offered and the reader was chal- 
lenged not only to give the correct answer 
but also to give a rational explanation 
which children could understand. The 
author’s explanations are given below. 

The criteria for determining the ac- 
curateness of the statements or procedures 
in teaching elementary arithmetic are 
based on the following aims: 


1. Make arithmetic meaningful 
2. Build a logical structure 


Language is an important factor in the 
accomplishment of these aims. Therefore 
statements should be clear and complete 
so that pupils will not get incorrect con- 
cepts. 

The incorrect concepts discussed in this 
article are the results of the author's 
experiences with two distinct groups. 
The first group consists of pupils in 
grades three through six with whom the 
author served as a teacher or a consultant. 
The second group consists of elementary 
grade teachers with teaching experience 
ranging from one to twenty-five vears. 
The author's contact with this group came 
through workshops, in-service training, 
and graduate classes in the teaching of 
elementary arithmetic. 

Many of the incorrect concepts of 
pupils are due to the poor or evasive lan- 
guage of teachers and incorrect concepts 
of teachers. Often a teacher knows the 
correct answer or what she means but the 
language used produces only mechanical 
action on the part of the pupil. If arith- 
metic is to be a logical structure and is to 
be meaningful to the pupils each new 
thought should be developed on the level 
of experience of the pupils from the con- 
cepts already understood. 


Each item in the test in part I was 
chosen from a large group of questions 
given to approximately 100 experienced 
elementary grade teachers from both 
small and large school systems. Each of 
the above questions will be repeated with 
the correct answer and a discussion of the 
concepts involved. Following each dis- 
cussion is the percent of the experienced 
teachers who gave the correct answer. In 
some cases we are not so much concerned 
with the correctness of the answer as with 
the rationalization of the answer at ele- 
mentary grade levels in terms of concepts 
and principles already presented, that is, 
build a logical structure! 


Test Items and Explanations 
1. F X5=35 

(1) 2X5 means 5+5 hence 5+2*5= 
5+5+5. 

(2) One of the fundamental principles 
taught in early grades is 4+B= 
B+A, that is, 
mutative. When the “+” 
curs with no signs of grouping the 
order of addition may be reversed 
hence 5+2*5=25+5. However, 
(5+2) X5 does equal 35. 

(3) If we put a five dollar bill (one five 
in the bank on Monday and two 


addition is com- 
sign oc- 


five dollar bills (two fives) in the | 


bank on Tuesday obviously we 
have deposited 15 dollars or $5+ 
2X$5=$15. 

(4) Certainly the reader will accept the 
statement that 5+2A is not equal 
7A. But 2A means 2 times A hence 
5+2 XA is not equa! to7A. If A isd 
then 5+2X5 cannot equal 35. 

(5) 5+2X5 may be thought of as 4 
ones+2 fives and since we cannot 
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add unlike things we cannot get 7 
fives or 35. 


Therefore if we are to build a logical 
structure in arithmetic we cannot teach 
them to do computation from left to 
right but in a statement containing both 
multiplication and addition we must teach 
them to multiply first then add unless 
signified to do otherwise. 

Only 10% of the experienced teachers 
answered this question correctly. 


0 times 5=0. 


Zero as a multiplier cannot be rational- 
ized. By definition multiplication is a 
short method of finding, without adding, 
the sum of a given number of like addends 
by using established facts. In 
other words 3 times 5 means 5+5+5. The 
five is the multiplicand and the 3 is the 
multiplier telling how many times the 
multiplicand is to be used as an addend. 
Try and explain 0 times five by this defini- 
tion. Some would say take 5 zero times 
and add and get zero. But how can you 
add any numbers (except zeros) and still 
get zero! This does not mean that zero 
cannot occur in the multiplier for 104 236 
means an absence of a multiplier in ten’s 
place. 

Only 3% of the experienced teachers 


certain 


answered this question correctly. 


3. _ A whole number may be mul- 
tiplied by ten by adding a 


zero to the number. 


In the primary grades we teach zero 
added to a number gives the same 
number in the sum, yet it is a com- 3 
mon practice of teachers in the lat- +0 
ter part of third grade to teach “10 — 
times 3 can be obtained by adding a 3 
zero to the 3 getting 30.’’ This is pure 
mechanical. It 7s not consistent with ear- 
lier teaching. That is, adding zero to a 
number means one thing in the second 
grade and another in the third grade. Al- 
though many teachers use this statement, 
the statement itself rarely occurs in print: 


Only 3% of the experienced teachers 
answered this question correctly, 


3 3 3 


4. F af 3X2+1 7 


The above computation is a common 
method of changing a mixed number to an 
improper fraction. It is mechanical, the 
result of a rule, and cannot be rationalized. 
The correct statement should be 


,1_2x3+1_7 


— 


“3 3 3 


for we change 2 wholes to thirds and there 
are three thirds in each whole, hence 
there are 2 X3 thirds in the 2 wholes. 

Only 5% of the experienced teachers 
answered this correctly. 
5. _F A two-inch square contains 
two square inches. 


A two-inch square contains four square 
inches. This incorrect idea often occurs 
from the definition of an area of one 
square inch. A square each of whose sides 
is one inch is defined to be a unit of area 
of one square inch. This does not say that 
an area of one square inch must be in the 
shape of a square. The author has found 
many teachers will often accept as true 
the converse of a true statement. Another 
common example is: “Jf the excess of 
nines in the answer of an addition exercise 
equals the excess of nines in the sum of the 
excesses of the addends then the computa- 
tion is correct.’’ This is not a correct state- 
ment although it is the converse of a true 
statement: “Jf the computation is cor- 
rect then the excess of nines in the answer 
of an addition exercise will equal the 
excess of nines in the sum of the excesses 
of the addends.”’ 

About 65% of the experienced teachers 
answered this question correctly. 


Five times the sum of seven 
and four equals the sum of five 
times seven and four. 


6. F 
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In symbols this means 
5X(7+4) =5X7+4. 


It is not correct. The language used with 
elementary pupils is very important. One 
should also be critical, in a constructive 
way, of the language used by pupils, 
especially when two or more ideas may 
result from a statement. 

Approximately 60% of the experienced 
teachers answered this correctly. 
7. John has eight dollars and 
Henry has four dollars. Com- 
pare the value of John’s 
money to the value of Henry’s 
money. Answer: Ji is two 
times greater. 


The answer implies that $8 is two times 
greater than $4. This means that $8 is two 
times $4 greater than $4. This is incorrect. 
The answer should be similar to one of the 
following: “It is twice as great” or “John 
has twice as much as Henry.”’ 

Forty per cent of the experienced 
teachers answered this question correctly. 
a Addition is a quick way of 
counting. 


This is a loose definition and may lead 
to various incorrect concepts. The state- 
ment implies counting may be performed 
by the addition process. It is true that 
situations involving addition may be 
solved by counting but the converse is not 
always true. 

The concept of addition involves two 
or more distinct numbers or groups while 
counting is setting up a one-to-one cor- 
respondence between something to be 
counted and a set of counters. “Addition 
is the process of finding the sum of two 
or more numbers without using the count- 
ing process”’ or “Addition is the process of 
finding without counting the total number 
in two or more groups of things.” 

About 40% of the experienced teachers 
answered this correctly. 
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When subtracting take the 
smaller number from the 
larger number. 


This is another loose statement and 
may lead to such work exhibited 
at the right in which the pupil 
always subtracts the smaller 
digit from the larger digit. 

Approximately 30% of the 254 
experienced teachers answered 
this question correctly. 


10. 
The product is greater than the mult- 
plicand only when the multiplier is greater 
than one. 
About 60% of the experienced teachers 
appeared to understand this situation. 


324 


Multiply means to increase, 


Multiplication is a_ short 
way of adding. 

This is another loose statement from 
which pupils may get ambiguous concepts. 
The author is reminded of the pupil that 
said, “Let’s find the answer to 619+ 
732+586+174 by multiplication because 
it is quicker.” 

A definition of multiplication should be 
descriptive and give the readers or listen- 
ers some idea how this particular process 
differs from other processes. A good defi- 
nition of the multiplication process is given 
in the discussion of question 2. 

Twenty per cent of the experienced 
teachers answered this question correctly, 


12.  2 feet X3 feet =6 square feet. 

This statement cannot be rationalized 
to the elementary pupils. The definition 
of multiplication excludes the use of a 
denominate number for a multiplier. In 
a multiplication exercise the product has 
the same name as the multiplicand. The 
statement should read “2X3 sq. ft.=6 
sq. ft.”’ 

Only 20% of the experienced teachers | 
answered this question correctly. 


13. _F The symbol 9 has a larger 


value than the symbol 1. 
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This is not always true because the 
value of a symbol depends not only on 
its form value but also on its place value. 
In the number 519 the ‘1”’ has a larger 
value than the “9.”’ Pupils that under- 
stand our number system may be led to 
make a general statement, ‘In a given 
number a symbol (except 0) always has a 
larger value than a symbol on its right.”’ 

Eighty-five per cent of the teachers 
answered this question correctly. 


5 feet X6=30 feet is read as 
“five feet times six equals 
thirty feet.” 


14._F 


The multiplier is 5 feet, hence it is in- 
correct. The correct statement is “5 feet 
multiplied by six equals thirty feet.” 

Thirty per cent of the experienced 
teachers had this answer correct. 

15. F A number may be multi- 
plied by ten by annexing a 
zero on the right. 


Many sixth grade pupils know this is 
not correct because annexing a zero on 
the right of 2.3 does not multiply 2.3 by 
ten. However a whole number may be 
multiplied by ten by annexing a zero on 
the right. 

Thirty per cent of the experienced 
teachers answered this question correctly. 
16. F 


Mary bought 5 pounds of 
steak that cost 80 
cents a pound. 80¢ 


Find the total cost X85 lbs. 
of the steak (solu- ————— 
tion at right). 400¢ 


This is not a correct solution 
since the multiplier must be an abstract 
number, however the answer is correct. 

Seventy per cent of the experienced 
teachers answered this question correctly. 


7. 5 X.25 = $1.25 


The correct answer is 1.25. The answer 


has the name “dollars” only if the multi- 
plicand has the name dollars. 


Ninety per cent of the experienced 
teachers had this answer correct. 


Increasing the divisor and 
dividend by the same num- 
ber does not change the value 
of the quotient. 


Two possible sources of this incorrect 
concept are: 


(1) To a few people “increase” in cer- 
tain situations indicates multiplica- 
tion. 

(2) Some people learn only the conclu- 
sion of a statement without attach- 
ing the conclusion to its correspond- 
ing hypothesis. Hence, “doing the 
same thing to divisor and dividend 
does not change the quotient,” 
when the correct statement involves 
multiplying (or dividing) the divisor 
and dividend by the same number. 


Seventy per cent of the experienced 
teachers answered this question correctly. 


19. _ F Division is a short way of 


subtracting. 


This is another poorly worded state- 
ment. Division is a process of repeated 
subtractions. The divisor is used as a 
subtrahend until the remainder is less than 
the divisor. 

Only 20% of the experienced teachers 
answered this correctly. 


20. 


Either the divisor or quotient must be 
an abstract number and the other must 
have the same name as the dividend. If 
we use the “repeated subtraction”’ defini- 
tion of division we could not subtract 2 
feet from 8 square ft. If we use the ‘“‘equal 
groups” concept of division then either 8 
square feet is to be separated into 2 equal 
groups with 4 square feet in a group or 8 
square feet is to be separated into equal 
groups with 2 square feet in a group giving 
4 equal groups. If we refer to the division 
process as the inverse of the multiplication 


8 square feet +2 feet = 4 feet. 
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progress then either the divisor or the 

quotient must be an abstract number. 
Twenty per cent of the experienced 

teachers answered this question correctly. 


= If 12 dollars is divided into 
two groups each group is called one-half. 


Often we fail to emphasize the idea of 
“equal groups”’ in division exercises or in 
situations involving fractions. 

Eighty per cent of the experienced 
teachers answered this question correctly. 


22. _ 8+0=0. 


This cannot be true since 0X0 does not 
equal 8. One can easily show the pupils 
in the higher grades the answer to such an 
exercise is not zero by using the following 
sequence: 


8000; ---; ———=8,000,000; 
.001 .000001 


etc., hence as the divisor gets nearer and 
nearer to zero the quotients gets larger 
and larger, therefore the quotient cannot 
be zero. 

Only 10% of the experienced teachers 
answered this question correctly. 


23. F  18+2X5=45. 


This exercise is difficult to explain to 
elementary grade pupils but it is rather 
unimportant since it rarely occurs in this 
form in the elementary grades. Some 
authors say we should begin our opera- 
tions on the left in such situations as this. 
Yet these same authors give such exercises 
as 18+2a=9+a or 9/a. This is incon- 
sistent since 18+2a is no different from 
18+2X5 where a= 5. Since more than one 
answer may occur here we ought to teach 
pupils to perform operations in the order; 
multiply, divide, then add and subtract, 
unless otherwise indicated by grouping 
signs. Hence, 18+2X5=1.8 and (18+2) 
x5=45. 


Only 10% of the experienced teachers 

answered this question correctly. 
3 1 3 

23. F — divided into —-== 
2 $ 

This error probably results from the faet 
that we have various ways of stating a 
division exercise. Too often we stress only 
“invert and multiply.” We ought not 
emphasize form only but which is the 
number to be divided (dividend) and 
which is the number to divide by (divisor), 

Eighty per cent of the experienced 
teachers answered this question correctly, 
25. 5 X.25¢ = $1.25. 

The name of the multiplicand is cents, 
hence the answer is 1.25 cents. 

Eighty per cent of the experienced 
teachers answered this question correctly, 


26. F In the number 2} the frae- 
tion 4 means } of 2. 


The } means 3 of the value of the pre- 


ceding place value. Teachers often fail to 
emphasize this principle. 

Eighty-five per cent of the experienced 
teachers answered this question correctly. 


27. 


3 will divide into 21 an even 
number of times. 


Three will divide into twenty-one seven 
times and seven is an odd number. This 
error is probably due to the common use 
of the word “evenly’’; that is 3 will divide 
into 21 evenly; meaning, with remainder 
zero. This may be trivial but certainly 
the language is not correct. 

Not one of the experienced teachers 
answered this correctly. 

28. F 

By the principle stated in the discussion 
of question 26 the correct answer is } 
of 75 or 4 tenth. 

Seventy-five per cent of the experienced 
teachers answered this correctly. 


29. =F 


.0} means 


0} means } of or } 


hundredth. 
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The correct answer is 4 of #5 or } tenth. 

Only 30% of the experienced teachers 
answered this question correctly. Ob- 
viously the great difference in the correct 
answers to 28 and 29 is that many thought 
04 means 3 Of y$o or 3 hundredth, that 
is } appears in hundredth’s place. 


30. F In the subtraction exercise 
at the right 7 tens 
cannot be taken 3 2 
from 2 tens so we —1 
take (or borrow) 
one hundred ones 153 
from the three 
hundreds and change them 
to tens. 


Summary 


It is possible that poor achievement of 
pupils in the fundamental processes is 
due to a lack of thorough understanding 
of our number system. In our number 
system we have place value. It takes ten 
units of one place to make one unit of the 
next higher place. The 3 in hundred’s place 
means three hundreds. But how do pupils 
think of those three hundreds? Are there 
three hundred ones? Or three groups with 
one hundred ones in each group? Or 
three groups with one hundred in each 
group and each hundred is composed of 
ten tens, and each ten is composed of ten 
ones? The latter is the exact concept. 
Too many pupils think of a unit of a 
certain order in terms of ones rather 
than units of the next lower order. Thus 
a unit of hundreds is thought of as being 
one hundred ones rather than ten tens. 
It is true that a unit of hundreds is equiva- 
lent to one hundred ones. But to change a 
unit of hundreds to ones it must be first 
changed to ten tens. 

If the word “‘ones’’ is omitted the given 
statement in question 30 is correct. 

Very few of the experienced teachers 
understood the implication in this ques- 
tion. 


It is reasonable to assume that teachers 
who do not have a thorough understand- 
ing of the concepts and principles which 
underlie the processes and procedures of 
arithmetic cannot lead pupils to develop 
arithmetic as a logical structure. Without 
this understanding the language of teach- 
ers will not be descriptive and exact and 
the results will in general be ‘‘mechanical’”’ 
arithmetic. 

Epiror’s Notre. Do you agree with Dr. 
Dwight’s explanations? Are they on a level 
that an elementary school pupil can under- 
stand? Are there certain parts of arithmetic that 
a pupil should be asked to accept without full 
explanation? Should a pupil realize that some 
things, like certain rules of operation, are agree- 
ments which must be observed to avoid con- 
fusion in a logical structure? Should we differ- 
entiate on the basis of pupils’ abilities the 
amount and nature of understanding expected 
of them? Is it fair to assume that teachers should 
understand the mathematical backgrounds of 
arithmetic so that they will not lead pupils into 
misunderstandings? How will teachers gain 


such a background when their training colleges 
do not offer it? 


California Conference 


California’s conference for teachers of 
mathematics will be held on the Los 
Angeles Campus of the University of Cali- 
fornia June 20—July 3, 1956. The confer- 
ence will deal particularly with the unify- 
ing concepts of mathematics from grades 
one through twelve. Other study groups 
will be concerned with the curriculum 
and with counseling mathematics stu- 
dents. There will be opportunity to enroll 
in mathematics laboratories in which 
teachers will learn to make and to use 
many visual aids. Interesting talks by 
outstanding specialists will be presented. 
For information write to Professor Clif- 
ford Bell, University of California, Los 
Angeles 24, Calif. 
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Evaluation by Observation—Grade 3 


Auice P. THomMson 
New York City Public Schools 


A THE END OF GRADE THREE, it is 
possible to evaluate the  pupil’s 
knowledge of number facts and processes 
and of some understandings through 
written tests. However, there are some 
mathematical understandings that are 
better evaluated through observation. 
While children are engaging in their daily 
work and experiences you will find many 
opportunities for observation. If such 
opportunities do not occur, they may be 
contrived. Among the understandings 
that may be observed and evaluated by 
teachers in grade three are such as the 
following: 


Concerning Measurement 


Money 

Shape 

Size and Distance 
Bulk and Liquid 
Weight 
Temperature 


Concerning Fractional Parts of 


Bulk 

Liquid 

Material 

Whole Objects 
Numbers of Things 


In teaching measurement, it is advisable 
to use familiar, non-standard units of 
measure before you use standard measur- 
ing units. For example, you use the fami- 
liar household cup before you use the 
standard measuring cup; the common tea- 
spoon before the standard measuring 
spoon; jars of different kinds before a pint 
or quart container. After some exper- 
ience with this informal type of measure- 
ment, you can then present a standard 
unit of measure. In this way, your children 
will have an opportunity to think about 


measurement and to find out that there 
are all kinds of measures, as well as stand- 
ard measures. 


Money and Counting 


By the time children reach the third 
grade you will find that most of them have 
used real money in out of school activi- 
ties. They know that it is needed to buy 
candy, ice cream, food, toys, etc. Some 
of them have already learned that the 
same thing can be bought for five pennies 
or a nickel. The third grade teacher makes 
sure, however, that all pupils are able to 
identify the coins and know the equiva- 
lents for them in pennies and other coins. 
She can observe this as children engage in 
experiences, real or contrived. Such ex- 
periences will be a basis for meaningful 
understanding for some children, and will 
be practice and reenforcement for others. 

Money is very useful to the teacher in 
helping children count on more advanced 
levels than by ones. At first they count 
only pennies—starting with a number 
they already know, and then count by 
twos or by other groups if they can. When 
they use nickels, dimes, quarters and 
half dollars too, they have opportunities 
for all kinds of counting. 

Money is also useful in teaching the 
meaning of addition and subtraction in 
the third grade. One of the most important 
areas in third year mathematics is the 
development of the understanding of the 
place value idea of numbers. This is most 
easily approached through work with 
money. Our money is based on our deci- 
mal number system, a tens system. This 
makes it easy to use money to teach the 
place value idea of numbers. Children 
like to use money, and it helps them un- 
derstand our number system. 
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The Observation 


The pupil’s ability to recognize and use 
money can be observed during these and 
other activities and experiences: 


Playing store 

Buying and selling cookies 

Collecting for milk, lunch, Red Cross, ete. 
Planning or paying for trips 


It seems unlikely that there will be any 
third year pupils who have had no ex- 
perience with money in school or out of 
school. Since they have such a varied 
background you will find it helpful to use 
the suggested sequences beginning with 
first year money concepts, as you plan 
to help your children use and understand 
money and counting. 

If, because of absence or other reasons 
you have some pupils whose competency 
you have not been able to note during 
their experiences, you may test them indi- 
vidually or in small groups, and proceed as 
follows: 


Have available more than 100 pennies, 
20 nickels, 10 dimes, 4 quarters, 2 half 
dollars and a 1 dollar bill. 


1. Count pennies by ones, twos, etc. 

2. Ask the pupil to select each coin and 
the bill by name, and tell its equiva- 
lent in pennies. Let him count the 
equivalent in pennies for several of 
these coins. 

3. Let him tell for some and count out 
for others, the following equivalents: 


a. Nickels in a dime 
b. Nickels in a quarter 
c. Various combinations of pennies, 
nickels and dimes in a quarter 
d. Number of dimes in a half dollar 
e. Number of nickels in a half dollar 
f. Number of quarters in a half 
dollar 
g. Various combinations of coins in a 
half dollar 
. Number of dimes in a dollar 
Number of quarters in a dollar 
Number of half dollars in a dollar 


k. Number of nickels in a dollar 
1. Various combinations of coins in 
a dollar 


4. Let him make change for any amount 
(from any coin or the dollar bill) in 
an actual situation, e.g. 

Tom pays John a quarter (half 
dollar or dollar) for milk. Milk costs 
16¢. John says, “sixteen cents,’”’ and 
giving Tom 4¢, says, ‘“Twenty cents,”’ 
then giving Tom a nickel, says, 
Twenty-five cents.’’ Tom checks by 
counting the change he received, in 
the same manner (additive method). 

5. Let him approximate the amount of 
money of any group of exposed coins 
whose total does not exceed 1 dollar. 
(So that the pupil may arrive at a 
close approximation, do not use too 
many coins.) 

6. Let him check his approximations by 
counting the coins. Look for most 
efficient method of handling the 
coins, i.e., selecting coins of greater 
value first, e.g., half dollar, quarter, 
dime, nickel, pennies. The pupil 
should say, “50—75—85—90—93.”’ 

. Let him count a group of coins begin- 
ning with any coin that is a multiple 
of 5. Place on display table a quarter, 
then 2 dimes, then three nickels and 
then 5 pennies. The pupil should say, 
He 
may be able to count the 2 dimes or 
the three nickels as one.) 

8. Let him count a group of coins be- 
ginning with any coin that is not a 
multiple of 5. Place on display table 
3 pennies, then 1 quarter, then a 
dime and then a nickel. The pupil 
should say, “38—28—38—43.”’ 


Shape 


Since children in the first three years are 
too immature to understand the meaning 
of shapes in geometric terms, we ask only 
that they recognize objects which have 
been cut into or that have surfaces with 
the following shapes: 
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Circle 

Square (differentiate from a box and a 
cube) 

Rectangle 

Triangle 


Size and Distance 


Pupils develop the concept of measure- 
ment by measuring one familiar object 
with another familiar object, e.g., “How 
many times will this book fit across your 
desk?” “How many times will this pencil 
fit across this shelf?’’ It is important, too, 
that children be asked, before they 
actually measure, to estimate the number 
of times one object is contained in an- 
other. They need much practice in esti- 
mating size and distance. 

After pupils have had many experiences 
in measuring with a non-standard unit, 
introduce the idea of foot. Relate it to the 
human foot. Let children with different 
sized feet measure the twenty foot dis- 
tance needed for the eye chart. This will 
show them the need for a standard foot. 

When a foot is presented, it is best that 
it be an unmarked, accurately measured 
foot, i.e., one made of oaktag or cardboard. 
Just a few trial measurements of objects 
with this unit will prove the need for a 
smaller unit of measure—the inch. Tell 
the children that inch was the name given 
to this length. Give each child a piece of 
cardboard one inch long. Let children try 
to measure objects with it. Awkwardness 
in handling it will quickly become appar- 
ent. Using cardboard inches, let the 
children develop the meaning of their own 
rulers. Six inches or less is sufficient for 
this development. 

Have the pupils label one side, marking 
spaces with their one inch measures this 
way: 


linch | 1 inch | 1 inch 


— 


ete. 


On the other side, they can then make 
marks like those on a regular ruler, this 
way: 


l 


bo 


ete. 


More mature children can indicate the 
half inch with smaller markings. 

Give the children practice in measuring 
many small objects, e.g., books, jewelry 
boxes, small paper, etc., with rulers they 
have made. Often, ask them to estimate 
the length before they measure. 


Bulk and Liquid 


Start with containers with which chil- 
dren are familiar. Let the children use a 
teacup or jar to fill or empty the aquarium 
or vase or pail. Let them count the number 
of cupfuls or jarfuls that are contained in 
the larger vessel. After some practice, let 
them try to estimate the number of cupfuls 
or jarfuls that will be needed. As children 
use containers of different sizes, they will 
see relationships among them. For exam- 
ple, an ordinary teaspoon and tablespoon 
can be used to develop equivalents. i.e., 
3 teaspoons will contain the same amount 
of sugar as | tablespoon. 

After many experiences with  non- 
standard units of measure, present the 
standard units, i.e., cup, pint, quart, and 
standard measuring spoon. Practice in 
using standard measures will! lead to the 
discovery of relationships among them. 


Weight 


In order to make weight meaningful, 
balance should be understood. Start with 
non-standard units of weight. Make a 
small see-saw. Let the children make it 
balance. Let them assist in making 4 
balance scale. Use it to balance one object 
with one or more objects of the same 
weight, e.g., a block and discs, a book and 
blocks. After many, many such expe- 
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riences, introduce the standard measure of 
weight—the pound. Remember, a pound 
must be lifted to be understood, not 
looked at. 

Standard weights are frequently un- 
obtainable. Many substitutions may be 
made, e.g., a pound of coffee, two pounds 
of sugar. Present the pound weight, the 
two pound weight, etc. (Use standard 
weight or substitute.) Let the pupils hold 
the weights and compare them. They 
must feel and sense the difference be- 
tween one pound and more than one 
pound to understand weight. 


Temperature 


In the beginning, the teacher helps 
children become conscious of heat and 
cold by asking them to touch things or to 
put their hands into pans of water of dif- 
ferent temperatures. Most third grade 
children are able to compare temperatures, 
as warmer, cooler, etc., 
cold. 

After experiences with comparing tem- 
peratures of water or objects, introduce 
the thermometer. Have the children ob- 
serve the liquid in the tube and find the 
number nearest to the place to which the 
liquid has risen. Place the end of the 
thermometer in a dish of warm water. 
Can they see the liquid “grow?” Tell them 
that when the liquid gets warmer it 
“expands.”’ 


as well as hot or 


At this point some teachers 
will want to help children perform other 
science experiments showing expansion of 
glass or metal. They will probably say, 
“Look at it go up.’’ Then, do just the op- 
posite with a dish of cold water. They will 
probably say, ‘“‘See it get smaller,’’ “‘go 
down.’’ You can use the word “contract,” 
and explain that when the liquid gets 
colder, it contracts. Give them many oppor- 
tunities to see the mercury rise and fall. 

The reading of the thermometer is 
really a reading skill. We do take advan- 
tage, however, of the numbers involved to 
use the reading of the thermometer for 
mathematical computation. 


Fractional Parts 


Even the youngest school children use 
fraction words to denote parts of things. 
They speak of half an apple, half a stick 
of candy, etc. Usually, they mean a piece, 
not a part in relation to a whole. 

The work of the first three years is to 
develop the understanding of the rela- 
tionships of parts to a whole, and of parts 
to one another. This must be developed 
with regard to a single object as well as to 
a group of objects, i.e., one half of an ap- 
ple is one of two equal parts of one whole 
apple and one half of a group of 8 apples 
is one of two equal parts of that group. 

In the first three years, the pupils 
show their understanding of fractions by 
demonstrating with real objects, and by 
telling in their own words, what they are 
doing. For that reason, the learnings in 
fractions are best tested by observation. 
Real things, like apples, pies, cakes, etc., 
are used in experiences. For the purpose 
of testing, circular cardboard discs may be 
used. Circular things are better for this 
purpose than other shapes, since it is 
easier for young children to recognize 
the fractional parts, when they are parts 
of circular wholes. Pieces of paper or a 
string are not appropriate as they seem to 
become smaller whole sheets of paper or 
string when cut into halves. 


1. 3, 4, 4 of a Whole Object 


In the beginning the pupils cut or fold 
many things of various sizes into halves. 
The pupils keep one whole circle intact for 
purposes of superimposing. After the 
children are thoroughly familiar with 
halves and their meaning, fourths are in- 
troduced in relation to the whole, and to 
halves. Finally, thirds are introduced. 
Let the pupils compare halves, fourths 
and thirds of like objects. 


2. 3,4, 3 of Bulk or Material 


‘In the beginning the pupils will divide 
clay, sand, beans, etc., into parts—first 
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halves, then fourths and much later into 
thirds. The relationship of one part to 
another should be discovered. If you use 
paper or cloth, fold rather than cut, so 
that the parts of the whole will be discern- 
ible. 


3. Adding and Subtracting Halves and 
Fourths 


In the beginning pupils are really add- 
ing and subtracting halves and fourths as 
they relate them to the whole and to one 
another. Give them many opportunities 
to solve problems involving fractional 
parts within two wholes. 


4. Finding Fractional Parts of 


3 of even numbers of things through 20 

3 of odd numbers of things through 10 
(the odd 1 is left over, not broken 
in half) 

+ of 8, 12, 16 and 20 things 

4 of 6, 9, 12, 15, and 18 things. 


As stated in the beginning, the work 
with fractions in the first three years is 
done entirely with objects. The symbol for 
fractions is not used by you or the chil- 
dren. For that reason, when finding frac- 
tional parts of numbers, objects must al- 
ways be used, e.g., to find 4 of 8, you must 
present either 8 pencils or 8 books, ete. 


BOOK REVIEW 


Explorations in Arithmetic, by Lowry W. 
Harding, 88 pages, 8} by 11 in, 
ring binder, Wm. C. Brown Co., 
Dubuque, Iowa, 1955. Price $3.00. 


In this book Professor Harding of Ohio 
State University has bound together the 
sheets of materials he uses in a course in 
arithmetic for teachers. Many teachers of 
such a course prefer to make their own 
outlines and specify the course content. 
Mr. Harding’s course seems to be more 


of a methods course than one of subject 
matter. He treats such topics as ‘What 
Do You Know About Teaching Arith- 
metic?”’, “Inventory of Professional Un- 
derstandings in Arithmetic,’ Anno- 
tated Bibliography on Arithmetic and 
Arithmetic Education,’ Fostering Dis- 
covery With Children,” “How Our Bank 
Helps Us,” and “‘Self-Evaluation of Quali- 
fications for Teaching Arithmetic.” 

This is a book that will be good for 
teachers to use in study groups and for 
those who are educating our future teach- 
ers. It is expected that elsewhere in the 
Ohio State University program of teacher 
education the students will have studied 
backgrounds of mathematics so as to as- 
sure a reasonable competence in the depth 
of content desirable for a teacher. The 
reviewer notes that Mr. Harding found in 
a survey of teachers who were trained in 
seven different institutions that teachers 
did not feel very secure in the training 
they had received in arithmetic. The 
background for teaching this area needs 
very serious consideration in training 
programs. Courses in Education do not 
provide the needed competence. 

Ben A. SUELTz 


(Continued from page 84) 


EpitTor’s Nore. Dr. Wrightstone tells how 
the New York City group developed their tests 
for grades one and two. These tests are pictor- 
ially presented. It is significant that the actual 
test items were constructed by teachers who 
are working with the children. If we believe 
in the importance of concept development at the 
lower grade levels we should try to measure the 
aspects of arithmetic we are actually trying to 
teach. It is heartening to note that more and 
more tests, including standardized tests, are now 
attempting to measure concepts and _ under- 
standings as well as the traditional computations 
and problems. While formally presented tests 
give a good deal of information about a pupil 
and a grade, it is still necessary to use a teacher's 
personal appraisal of some things such as depth 
of understanding, resourcefulness, and insight. 
But to do this reliably, a teacher must be alert 
and discerning in working with her pupils. 
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Enlarging Number Systems 


CHARLES BRUMFIEL 
Ball State Teachers College, Muncie, Ind. 


HENEVER WE ENLARGE a number 
S we employ one of two 
methods. Each method has the same 
ultimate aim. The difference lies wholly 
in the paths we follow to obtain our 
heart’s desire. In each case we end up with 
a system R which contains the system S, 
symbolically 


R 


The usual procedure in passing from S 
to R consists of recognizing a computa- 
tional situation which can not be satis- 
factorily handled using the elements of S. 
If it is clear that it may be useful to have 
“numbers” with which these ‘‘impossible 
calculations’’ may be effected, then if we 
have sufficient ingenuity we may be able 
to create such new numbers by: 


(1) Naming them, i.e. assigning written 
and verbal symbols to them. 

(2) Explaining how we use these new 
things in computation. 


The naming is easy. It can be done in a 
moment. But the explaining is hard. 
Indeed the explaining may well extend 
over several years of schooling. But 
strictly speaking a new number is not éom- 
pletely defined for a partictlar individual 
until he has a complete understanding of 
how it ts used. 

We might call this method an extension 
by adjunction. Picturesquely we could de- 
scribe it thusly: 


We pick up these new numbers and 
hurl them at the number system S hoping 
desperately that when they strike they 
will stick. Unfortunately S has existence 
only in the mind and it is well known that 
the brain exudes an oily substance which 
encases the set S and makes it very diffi- 
cult for these new numbers to attach 
themselves. 


In the illustration we see that } is firmly 
attached, zero is hanging by a thread, 
while ./2 and x have bounced off and are 
lying on their backs kicking feebly. 

How shall we handle the difficult part 
of our definition? How shall we explain 
the rules for computing with these new 
numbers? If our students are mathe- 
matically mature, we may be able to pre- 
sent only the formal definitions. Later we 
justify these formal rules by showing the 
magnificent results which are obtainable. 
Let us look at two such precise, formally 
correct definitions. 

A. We assume familiarity with the 
natural numbers 1, 2, 3---and the 
counting process. We denote the successor 
of the natural number z by 2’. That is, 
1’=2, 3’=4, 1000’=1001 etc. We define 
addition of two natural numbers, indicated 
by 


(1) 
(2) rt+y’=(r+y)’. 


ct 
lat 
| 
nd 
nk 
for 
for 
ch- 
the 
her 
ied 
as- | 
pth 
The 
1 in 
| in 
1ers 
ing 
rhe | 
eds | | 
ing | 
not 
| 
109 


B. We define the product xy of two nat- 
ural numbers: 


(1) z-l=z 
(2) 


The trouble with definitions A and B 
is that we have to teach addition and mul- 
tiplication before our students are mature 
enough to understand these formal rules. 
We have no choice! We can not define pre- 
cisely. We must content ourselves for the 
moment with describing only. 

And so we replace “A” by some state- 
ment like: “addition is finding the total 
number of things in two or more groups.” 
Even a statement like this may well be 
long withheld from the child. Much teach- 
ing can be done by simply pointing and 
emitting an encouraging grunt. But it is 
most important to realize that we have 
not defined addition by such a statement 
as the one above. We have merely de- 
scribed. What is the difference between 
description and definition? The description 
usually fails to apply in some situation and 
must be supplemented by further descrip- 
tions. If we are excellent describers we 
are usually able to come up with new de- 
scriptions in such a way that eventually 
our students actually intuitively piece 
together a definition from our descriptions. 

As examples of how our descriptions 
fail us, if we describe 4X3 as the “sum 
of four threes” then even by analogy 
1X3 has not been defined. Further de- 
scription is necessary. Of course if we had 
said “the sum of three fours’? we would 
have been all right. But then, how about 
3X1 and 1X1? 

If we describe 12+4 as the number of 
eggs in one sack if we distribute 12 eggs 
among four sacks, then we must think up 
another tale when we come to 2+}. 

If we describe 4X4 as one half of one- 
third we will have to wriggle a little bit 
to explain $<? or worse yet 3} X2}. 

If we describe 3} X2} as finding the area 
of a plot 33 rods by 2} rods we will have 
to meditate anew when we wish to explain 


110 Tue ARITHMETIC TEACHER 


how multiplication is related to cutting 
off 3 of one-fourth of a pie. 

Probably the best teaching procedure 
is to set up many problem situations for 
the child in which he must secure answers 
by “reasoning” alone. That is, formulate 
problems which are ‘naturally’ ‘solved 
later on by the application of formal eal- 
culations not yet known to the child. For 
example, before multiplication and divi- 
sion of fractions have been described let 
us ask such questions as 


1) If I cut a fourth of a pie into two 
equal parts what do I call each piece? 

2) If I have two and one-half dollars 
and give each child a dime, how 
many may be the recipients of my 
generosity? (It would seem best to 
reword this for the second grade.) 

2) If a rectangular piece of land is 2} 
miles wide by 4 miles long, how many 
square miles does it contain? 

+) How many tenths of a mile must you 
travel in order to go one-fourth of a 
mile? 


After skillful teachers have asked 
enough questions of this sort a solid foun- 
dation may (perhaps) have been laid for 
the introduction of a new, formal calcula- 
tion. If this be multiplication of fractions 
and the child has become well versed in 
area concepts, then describe } 2 in terms 
of finding area, i.e. remark that by this 
we mean that we are to find the area of a 
rectangular plot 3} foot by 4 foot. (The 
bright pupils will probably convert to 
inches.) If the child and his teacher like 
the same kind of pie, describe by saying 
that $4 means to take one-half of one 
third of a pie. Here the } is pie and the } 
is student with a big sharp knife and 
sealed instructions. If the child is a frae- 
tion board devotee, by all means relate 
1X4 to the pretty strips of wood. 

It would be well if the introduction of, 
say, formal multiplication of fractions 
could be meshed for each pupil into the 
physical situation in which the greatest 
possible rapport exists between pupil and 
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teacher. After carefully exploiting one type 
of physical situation with which we asso- 
ciate multiplication of fractions we should 
turn to a second, and then a third. We 
hope that eventually the student will 
recognize that multiplication of fractions 
js not merely cutting up pies or finding 
areas but rather that it is an operation 
precisely defined by 


a 
4 = 
b d ob-d 


and that this operation has a miraculously 
wide application to an enormous number 
of situations. 

We have been describing the adjunction 
technique as it relates to the extension of 
the set of natural numbers to include 
fractions. This is spread over several years 
of schooling. There is a second method of 
introducing fractions which is ordinarily 
seen only in graduate mathematics. This 
procedure consists of using the numbers 
],2,--+-+to form symbols (a, b). Seem- 
ingly, artificial rules for adding and multi- 
plying these symbols are given, namely 

(a, b)-(e, d) = (ae, bd) 
(a, b)+(c, d)=(ad+be, bd) 
Two of these “numbers” are called 
equivalent and we write (a, b)~(c, d) if 
ad = be. 

Now it is proved that these new num- 
bers and the newly defined operations 
have certain key properties similar to 
certain ones possessed by the natural 
numbers. For example 

b)+(e, d) |~[(e, d)+(a, b) 
and 
(a, b)- [(c, d) +(e, f) | 
~I{(a, b)-(e, d)+(a, b)(e, f) |. 

Attention is called to the fact that num- 
bers of the form (a, 1) and (b, 1) act much 
like numbers a and b, for 

(a, 1)+(b, 1)=(a+b, 1); 
(a, 1)-(b, 1) =(ab, 1). 
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And with this observation we have our 
extension in our hands. We have con- 
structed a system R of number pairs 
which contains within it a system R’ 
made up of these numbers (a, 1), (b, 1) 
etc. This system F#’ has all those and 
only those properties which characterize 
the set of numbers S=[1, 2, 3,-- ]. 
Except for notation it 7s these numbers. 
We replace the elements of FR’ by the ele- 
ments of S and now have S contained in, 
or as we say, embedded in R. We call R 
the “‘set of positive fractions.”’ 

We indicate this process symbolically 
by the diagram below. 


This replacement of the elements of R’ 
by the elements of S leaves us with our 
desired result. Note that in the diagram 
below we have replaced R by R*, since R 
is conceptually distinct from the set 
which consists of the elements of S and 
those elements of R which are not in S. 


Observe that we end up with the same 
result whether we proceed by adjunction 
or by this latter constructive method. 
Which procedure is to be adopted? There 
is really no choice. Parents adjoin some 
fractions to children before they send 
them to school. Our textbooks all adjoin. 
One must admit however that the con- 
structive technique is logically the more 
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satisfactory. There is no clumsy series of 
descriptions. No wobbly assumptions are 
made. For example, when we adjoin frac- 
tions we may be guilty of arbitrarily tell- 
ing students that }X?=?X} instead of 
setting up situations so that the students 
themselves will discover this fact. 

A teacher of arithmetic who sees in a 
graduate course how the real number 
system may be erected upon the set of 
natural numbers, 1, 2, 3,--- by con- 
structing firstly, the set of positive frac- 
tions, secondly, the set of positive real 
numbers, and thirdly the set of all real 
numbers, usually has a deeper insight into 
the processes of arithmetic. Some teachers 
even become enthusiastic when they see 
and understand for the first time proofs 
of such remarkable theorems as: 


a+b=b+a 

a+0=a 

There is no fraction whose square is 2. 

a-0=0; — if a-b=0 then either a=0 
or b=0. 

—(-—a)=a 

a-(b+c)=a-b+a.c 


A little contact with the constructive 
method, employed so much in mathe- 
matics, will open the teacher’s eyes to the 
many assumptions that are usually made 
without justification as we adjoin new 
numbers and new operations. Teachers 
who have been so stimulated will prob- 
ably use teaching methods which will 
allow their students to share in the crea- 
tion of new number concepts. 


Epiror’s Nore. Those teachers of arith- 
metic who have studied several good courses 
in advanced mathematics will appreciate the 
role of definition and logic in the structure of 
arithmetic. With all of the areas with which an 
elementary school teacher must be familiar it 
is not reasonable to expect more than a small 
percentage to have mastered the foundations 
as well as the hierarchies of the mathematics 
of arithmetic. However, it is necessary that we 
have a goodly number of competent scholars 
devoting some time to arithmetic. Most of us 
teachers ought to recognize the need for good 
definitions and the role they play in arithmetic. 


Our brighter pupils in the upper grades fre- 
quently have inquiring minds and want to know 
the ‘‘hows” and the “‘whys”’ and they are inter- 
ested in logical structures. We should be able 
to help them, for it is from this group that we 
must recruit our future mathematical and 
scientific scholars. 


Multiplying Fractions 
Highland Park, New Jersey 


o rou have difficulty showing that 2/3 
D of 3/4 is 1/2? Try this simple device. 
In the presentation of multiplication of 
fractions, pupils are usually confused 
because they are told to multiply numer- 
ators and denominators separately for 
their answers. 

To find 2/3 of 3/4, draw a unit square 
and divide it into fourths horizontally and 
thirds vertically. This gives 12 blocks. 
Since we want only 2/3 of something, 
cross off 1/3 of the blocks and since we 
actually want 2/3 of 3/4, cross off 1/4 of 
the blocks remaining. There are then 6 
blocks left. These 6 blocks are 6/12 of 
the original area. Thus 2/3 of 3/4=6/12 
or 1/2. 

With symbols, multiply numerators 
and denominators separately and we get 
the 6 and the 12 respectively. These 
values are the same as were obtained 
graphically. Reduction and “cancellation” 
come later. 


Factors Determining Attitudes Toward 
Arithmetic and Mathematics 


THOMAS POFFENBERGER AND DONALD A. NORTON 


University of California at Davis 


N KECENT MONTHS, many scientists, 

educators and statesmen have referred 
to the alarming shortage of graduates in 
engineering, the physical sciences and 
mathematics. The shortage of persons 
trained in these fields is being felt in 
industry, the government and the military 
services and it is critical in education. A 
recent article reported: 

“High school principals, faced with an in- 
adequate supply of science and mathematics 
teachers, have two courses of action open to 
them. They may use teachers who are inade- 
quately prepared or they may drop courses that 
their students want and should have. Either 
action will mean that fewer students in the 


years ahead will enter college with a developing 
interest in science and mathematics.’”! 


As this article points out, factors in the 
current shortage seem to be lower salaries 
of teachers as compared with industry, 
educational policies designed for mass 
education, and the fact that scientists 
have been willing to leave the training of 
science and mathematics teachers to the 
teacher training institutions rather than 
accept or at least share that responsibility. 

In addition to the factors which have 
been suggested as reasons for the current 
shortage of persons trained in the fields of 
mathematics and the physical sciences, 
it is believed that young people may be 
influenced toward undertaking such stud- 
ies by their childhood experiences. 

The present paper deals with the find- 
ings of a preliminary survey of possible 
factors which might determine students 
attitudes toward arithmetic and mathe- 

' American Association for the Advancement 
of Science Cooperative Committee on the 
Teaching of Science and Mathematics. ‘‘Im- 


proving Science Teaching,”’ Science, July 1955, 
Vol. 122, No. 3160, pp. 145-8. 


matics, based upon the assumption that 
favorable attitudes toward such subjects 
affect students’ decisions to go into the 
fields of mathematics, engineering, and 
the physical sciences.2 Because an ade- 
quate mathematical background is essen- 
tial for students in such courses, and be- 
cause it is frequently the mathematical 
part of these courses which presents the 
most difficulty, this subject was selected 
for study. 

In the summer of 1955, a pilot study 
was made of a small sample*® by means of 
questionnaires and personal interviews 
which explored previous influences upon 
students’ attitudes toward arithmetic 
and mathematics. 


The Influence of the Home 


The data indicated that parents deter- 
mine the initial attitudes of their children 
and affect their achievement in arithme- 
tic and mathematics. Three factors 
seemed to affect both attitudes and per- 
formance in these subjects: parental ex- 
pectation of children’s achievement, ph-’ 
rental encouragement regarding these 
subjects, and parents’ own attitudes to- 
ward this area of the curricula. 

More than half of the students in the 
sample reported that their parents ex- 
pected above average work from them in 
general school achievement but only 
average work in arithmetic and mathe- 
matics. In these cases, students tended 


? A study of attitudes as they affect achieve- 
ment (with ability held constant) is under in- 
vestigation in a larger study of this subject 
matter. 

3 Sixteen freshmen enrolled in two summer 
classes in mathematics at the University of 
California at Davis. 
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to do poorly in such subjects. The inter- 
views revealed that the difficulties parents, 
themselves, had experienced in these sub- 
jects were responsible for their lower ex- 
pectations. In the cases where students 
remarked that their parents had expected 
to do good work in these subjects, they 
tended to like them and do well.‘ 

Parental encouragement regarding these 
subjects and favorable parental attitudes 
seemed to affect children’s interest and 
achievement positively. Parents who like 
arithmetic and mathematics themselves 
are more likely to encourage children and 
expect good achievement in these sub- 
jects. Considering the fact that children 
tend to identify themselves with their 
parents and take on their attitudes, it 
seems that the best way for a child to get 
an initially positive attitude toward arith- 
metic and mathematics is to choose 
parents who like these subjects. The 
study indicated, however, that even if 
parents do not like the subjects, a favor- 
able attitude on their part toward the 
child’s studies will affect positively his 
mental set. 

A number of case histories revealed the 
various ways in which parental remarks 
and behavior can influence children in 
their developing interest for arithmetic 
and mathematics. One young man re- 
marked that his parents had no apprecia- 
tion for his mathematics courses even 
though his father was a lawyer and his 
mother was a college graduate. He said 
he could recall such negative comments as, 
“Oh, I’m glad I don’t have to go through 
that again!” 

The other examples illustrate how 
basic attitudes toward arithmetic and 
mathematics may grow out of the dynam- 
ics of family interaction. In both cases, 
the father’s interests were cited as having 
a determining influence upon the stu- 
dent’s desire to become proficient in this 


‘Throughout we have assumed average 
ability on the part of the child. All of the 
students in this sample had high school grade 
averages of “‘B”’ or better. 
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area but obviously other factors were 
involved. One student said he developed a 
liking for arithmetic at an early age when 
he found that it was one way he and his 
accountant father could have something 
in common, thus successfully competing 
with his brother for the father’s attention. 
Another student commented, ‘‘My father 
is very good at figures but my mother is 
not. I can remember my father bawling 
out my mother for not being able to 
balance a check book. I guess I just 
decided I'd be better at it!’ 


School Environment Summary 


Attitudes and performance in arith- 
metic and mathematics are also affected 
by teachers, according to the data in the 
present study. Both favorable and un- 
favorable experiences were cited, with 
some student analysis of the problems 
involved. 

One girl said, “I liked arithmetic at 
first in grammar school, because my 
mother helped me and made it interest- 
ing. I lost interest about the ninth grade 
when I had a very poor teacher.”’ 

A boy indicated that he had had a series 
of favorable experiences with arithmetic. 
His teachers in the lower grades had been 
good and both his father and his mother 
had encouraged him in mathematics. He 
said that he had always liked mathematics 
and science up to his junior year in high 
school. He reported, ““Mathematics would 
have been my major until I got into second 
year algebra. I disliked the teacher and the 
way he taught. I didn’t want to work for 
him. The kids called him ‘Little Caesar.’ 
He didn’t care whether the kids got the 
stuff or not. The trouble with him seemed 
to be a matter of personality rather than 
lack of knowledge of subject matter.’’ He 
indicated also that both his parents and 
adviser had encouraged him to take 
trigonometry but that he had refused 
because the same teacher taught this 
subject. 

Another student commented that she 
had had both good and poor arithmetic 
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and mathematics experiences: ““My prob- 
lem with arithmetic started in the second 
grade. I hated the teacher and I wouldn’t 
do anything she suggested. She favored 
the boys in the class and would play with 
them. In the fourth grade I had a good 
teacher. I liked her very much. I had a 
hard time with multiplication tables but 
she realized it and helped me. 

In referring to her high school exper- 
ience she said, ‘In high school, my alge- 
bra teacher was good and I liked it very 
much. She had a good general attitude 
toward algebra and was willing to help 
you understand it. You knew that she 
liked the subject herself. She was a very 
nice person and always made sure you 
got the subject.’’ The following year, this 
student had an unfavorable experience 
with geometry. ““My geometry teacher 
took the attitude that if you didn’t get it, 
it was too bad. She wasn’t going to lose 
any sleep over it. She was a very smart 
person because she wrote the book we 
used. I think it may be hard for someone 
who knows it so well—they can’t under- 
stand why someone else can’t get it!’ 

One teacher was cited as being responsi- 
ble for a student's decision to major in 
mathematics in college and eventually to 
teach it in high school. This girl remarked, 
“Tn high school I had a very good mathe- 
matics teacher. He had a wonderful atti- 
tude—and was always willing to talk to 
you and explore ideas about mathematics. 
It never seemed like a job to him. He al- 
ways seemed to enjoy teaching it. He had 
a terrific personality and was a wonderful 
person—most human high school teacher 
I ever had. I often thought that if I be- 
came a teacher I'd like to be like him. 
Seeing how much he liked teaching 
mathematics, I thought I could also.”’ It is 
probable that one such teacher can en- 
courage many students to go into the 
teaching of mathematics. 

The above case indicates that the phe- 
nomenon of identification is also of im- 
portance in the teacher-pupil relationship 
if positive attitudes are to be acquired 
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toward mathematics. Some interviews 
indicated, however, that positive atti- 
tudes on the part of students are not 
created as a result of just a liking for the 
teacher. One student described a popular 
instructor who was well liked throughout 
the high school, but who was considered 
by its students to be a poor teacher. ‘I 
lost interest in mathematics my freshman 
year of high school. I wasn’t learning 
anything in algebra and it wasn’t holding 
my interest. I dreaded the class every day. 
The teacher was a friend of everyone in 
the school. All the students knew that 
they would get good grades even if they 
didn’t do anything in class. The teacher 
would even help us with the tests! Every- 
one liked him—he just didn’t make the 
students work. He figured the kids would 
learn it if they liked him. There was just 
too much going on in the room.” 

The same student reported a great con- 
trast in her geometry teacher: “I had a 
better teacher for geometry. He also 
taught physics. He put it over so that 
you could understand it. He had more 
control of the class. He was very quiet 
and the class was very quiet. He never 
had to tell everyone to be quiet—they all 
knew they should be.”’ 

It was interesting to find that no stu- 
dent considered a completely permissive 
teacher to be a good one. On the other 
hand, few students cared for overly strict 
teachers. In a case where a student did 
prefer rather strict teachers, he indicated 
that his parents were strict in home disci- 
pline. 

There was no evidence to indicate that 
the peer group had much influence upon 
any individual except perhaps to reinforce 
attitudes developed from previous ex- 
periences. For example, one student re- 
ported that he believed his friends had 
affected his attitude because of their gen- 
eral dislike of mathematics. Further in- 
quiry, however, indicated that this atti- 
tude grew from student-body experience 
with an unpopular teacher. 

The present survey indicates that in- 
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tensive research should be undertaken re- 
garding the development of attitudes to- 
ward arithmetic and mathematics. The 
preliminary study indicated the following 
points upon which will be based the 
hypotheses to be tested in continuing re- 
search: 


(1) Parents determine initial attitudes 
of their children toward arithmetic 
and influence their attitudes toward 
all mathematics. 

(a) Parents who like arithmetic and 
mathematics tend to convey 
these positive attitudes to their 
children. 

(b) Parents who dislike arithmetic 
and mathematics tend to con- 
vey these negative attitudes to 
their children. 

(2) Parents’ expectations of their chil- 
dren’s performance and the en- 
couragement they give in regard to 
the study of arithmetic and mathe- 
matics affect children’s achieve- 
ment in these areas. 

(a) Assuming ability is present, the 
children of parents who expect 
them to do well in arithmetic 
and mathematics tend to do 
better than children whose pa- 
rents expect them to do poorly 
in such subjects. 

(b) Students whose parents en- 
courage them in their study of 
arithmetic and mathematics 
tend to do better and like 
these subjects more than stu- 
dents whose parents do not en- 
courage them. 
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(3) Arithmetic and mathematics teach- 
ers can have strong positive or 
negative effects upon students’ atti- 
tudes and achievement in these 
areas: 

(a) They build upon attitudes es- 
tablished by parents. 

(b) The enthusiastic teacher leads 
the students to liking his sub- 
ject. 

(c) The teachers who tend to affect 
students’ attitudes and achieve- 
ment positively have the fol- 
lowing characteristics: a good 
knowledge of the subject mat- 
ter, strong interest in the sub- 
ject, the desire to have students 
understand the material, and 
good control of the class with- 
out being overly strict. 


Eprror’s Note. Why are some pupils so 
happy with arithmetic and others so hateful of 
the subject? Is it the subject, the teacher, the 
parents, or what combination of these? This 
preliminary survey shows how important the 
role of the teacher is in determining the atti- 
tudes of pupils. Many good teachers have found 
ways to develop keen interest in mathematics 
with pupils whose parents are indifferent and 
even hostile. Fortunately, most parents are 
very much interested in the welfare of their 
children and many want them to do well in 
arithmetic. There is something wrong in a school 
where children hate arithmetic because it is a 
subject that provides social, economic, and 
psychological appeal. It has the elements of 
discovery and thinking. It is positive and has a 
wide range of mental levels. Children can pro- 
gress and be happy when they are mastering it. It 
is difficult to assess the value and influence of a 
good teacher who knows her subject matter and 
who has the human qualities and who uses meth- 
ods of teaching which make learning with her 
both profitable and enjoyable. 


Reprints Available 
The Elementary School Mathematics Library 


A selected bibliography of books for the elementary school mathematics library 
was printed in the February, 1956 issue of THe ArirHmMetTic TEACHER. Reprints 
of this bibliography are available from The National Council of Teachers of 
Mathematics, 1201 Sixteenth St., N.W., Washington 6, D. C. The price is 20 cents 
each with discounts for orders in quantity. 


The Scientific Method of Problem Solving 


SHIRLEY STILLINGER BREWER* 
Austin Public Schools, Austin, Texas 


ECENTLY, WHILE ENGAGED in student 

teaching at The University of Texas, 

the author worked with a unique method 

of solving arithmetic word problems which 

was so successful that she wants to share 
this technique with other teachers. 

While working “thought problems” 
pupils could see the problem, could see 
the numbers, but usually were at a loss 
as to whether they should multiply, 
divide, add or subtract to arrive at the 
correct answer. Obviously, they were not 
“thinking through’? the problems and 
seemed to lack comprehension on the 
correct procedure to follow for solving 
the problem. The class had been working 
on a science unit on electricity in which 
we followed the scientific method of prob- 
lem solving in working experiments with 
electricity. This outline in brief is: 

I. Define problem 
II. Research 
III. Hypothesis 
IV. Experiment 

V. Conclusion 


Using this outline as a basis, an outline 
was formulated for use in solving arith- 
metic word problems as follows: 


I. What do we want to know? 
II. What do we know? 
III. Best estimate 
IV. Working the problem 
V. What did we find out? 


After an explanation and discussion of the 
method the children started solving prob- 
lems by this process. At first it seemed 
tedious and time-consuming, but grad- 
ually the children became familiar with 

* The author wishes to thank Kay Isbell, 
Linda Stevens, and Jonny Fruchter, Sixth 
Grade pupils in Maplewood School, Austin, 


Texas, for the three problems with their solu- 
tions which are presented in this paper. 


the process and were able to work more 
rapidly and with greater understanding 
and accuracy. 

The process seemed to be equally suc- 
cessful with both the slow-learning and 
the gifted pupils. One child who seemed 
to be completely bewildered by thought 
problems, without the remotest idea of 
where or how to begin, did so well follow- 
ing these steps that he soon became 
highly proficient in problem solving. 
Gifted pupils soon were able to solve prob- 
lems without consciously following the 
steps in the outline and the method be- 
came automatic. 

In studying the addition and subtrac- 
tion of fractions the children made up 
problems of their own, three of which are 
presented here: 


PROBLEM NUMBER 1: Robert and Larry 
sold 1/3 of a lot of Christmas trees in one 
day, 1/8 of the lot the second day and 1/4 
of the lot the third day. What part of the 
lot did they sell in three days? 
I. What do we want to find out? 

What part of the lot did they sell in 
three days? 
II. What do we know? 


They sold 1/3 of the lot in one day, 1/8 
of the lot the second day, 1/4 of the lot 
the third day. 


III. Best estimate 
They sold about 3/4 of the lot in 3 days. 


IV. Experiment 


1/3= 8/24 
1/8= 3/24 


1/4= 6/24 


17/24 part of lot sold 
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V. Conclusion 
They sold 17/24 of the lot in 3 days. 


PROBLEM NUMBER 2: Joyce had 1/6 yd. 
of ribbon but she needed 5/6 yd. to wrap 
Christmas presents. Ann had 1/2 yd. of 
ribbon but she needed 3/4 yd. Kay had 
4 yds. of ribbon but she only needed 1/2 yd. 
If Kay, after taking the ribbon she 
needed, gave Joyce and Ann the ribbon 
that they needed, would there be any 
ribbon left over? How much? 


I. What do we want to know? 

Would there be any ribbon left? How 
much? 
Il. What do we know? 


Joyce had 1/6 yd. of ribbon. She needed 
5/6 yd. Ann had 1/2 yd. of ribbon. She 
needed 3/4 yd. Kay had 4 yds. of ribbon. 
She needed 1/2 yd. 


III. Best estimate 


Yes, there would be about 2 1/2 yds. 
of ribbon left. 


IV. Experiment 


1/6 yd.= 1/6 yd. 
1/2 yd.= 3/6 yd. 
4 yd.=4 yd. 


4 4/6=4 2/3 yd 
42/3 yd.=4 8/12 yd. 
2 1/12 yd.=2 1/12 yd. 


2 7/12 yd. 
5/6 yd.= 10/12 yd. 
3/4 yd.= 9/12 yd. 
1/2 yd.= 6/12 yd. 


25/12 =2 1/12 yd. 


V. Conclusion 


They had 2 7/12 yds. of ribbon left over. 
ProBLEM NuMBER 3: An iron smelting 
company was going to try to smelt 5 tons 
of iron ore in four days. The first day they 
smelted 1 1/4 tons of iron ore. The second 
day they smelted 1 1/3 tons of ore. The 
third day they smelted 1 1/2 tons of ore. 


THe ARITHMETIC TEACHER 


How much more ore did they have to smelt 
the last day? 


I. What do we want to know? 


How much ore did they have left to 
smelt the last day. 


Il. What do we know? 

They had five tons of ore and were 
going to try to smelt it in four days. They 
smelted 11/4 tons the first day, 1 1/3 


tons the second day, and 1 1/2 tons the 
third day. 


III. Best estimate 
3/4 of a ton left to smelt the last day. 


IV. Experiment 
1 1/4 tons=1 3/12 
1 1/3 tons=1 4/12 
1 1/2 tons=1 6/12 


3 13/12=4 1/12 tons 
5 tons=4 12/12 tons 
—41/2=4 1/12 tons 
11/12 tons 


V. Conclusion 


They had 11/12 of a ton to smelt the 
last day. 

The idea of helping children see specific 
steps in problem solving is not new. The 
value of the scientific method of problem 
solving lies in relating the work of one 
area to another—in this instance, science 
to arithmetic. Experience in applying the 
scientific method of problem solving to 
arithmetic proved successful because both 
the teacher and the children enjoyed doing 
it. 

Epitor’s Nore. Although the scientific 
method or approach to problem solving may be 
very old, each new generation should discover it. 
Mrs. Brewer’s pupils did this by simple transfer 
from work in science. There are many oppor- 
tunities for “‘tieing together’ arithmetic with 
other areas of learning. Each of these ties tends 
to give greater understanding and significance 
to each of the areas involved. The most impor- 


tant element in Mrs. Brewer’s development is the 
role of the pupils in thinking. 
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A Fraction Circle 


Dona.p B. Lyvers 
Parley Coburn School, Elmira, New York 


F ALL THE TOPICs presented in the 7th 
() and 8th grade mathematics courses, 
those dealing with fractions, decimals, 
and percentage seem to be the most 
troublesome and the least understood by 
the student. Often meaningless rules have 
been committed to memory by the stu- 
dent, but little comprehension has taken 
place. Occasionally there are students in a 
class who may add denominators, or insist 
that 1/4 times 1/2 does not give the same 
result as 1/2 times 1/4, or become con- 
fused that 1/4 divided by 1/8 is 2. Some 
students do not know or are not sure 
that 1/3 is larger than 1/4. These are just 
a few examples of problems common to 
many classrooms. I believe that many of 
these problems have their roots in one 
or more of the following: 


1. The basic idea of number and the 
nature of our decimal system has 
never been thoroughly understood. 

2. The student has been a victim of 
the ‘“... invert the 2nd term and 
multiply ...do as I say” type of 
training. 

3. The student has not had the oppor- 
tunity to discover for himself what 
a fraction really is and some of the 
relationships which exist among frac- 
tions. 


With this third idea in mind, I have 
made up a device which I hope will en- 
able students to appreciate and under- 
stand this business of fractions to a 
greater degree. 

A circle is drawn on a piece of paper or 
cardboard—a 6” circle seems to work very 
nicely. The circle is then divided into 24 
equal parts. I found that by dividing each 
of these parts into thirds would increase 
the versatility for certain combinations 


of fractions. Since I wanted to use the 
circle for halves, quarters, thirds, sixths, 
and eighths, it was necessary to also di- 
vide the circle into 32 equal parts to 
handle the multiplication of fourths and 
eighths. The halves, quarters, thirds, 
sixths, and eighths are labeled with the 
proper symbol. The 24ths are represented 
by small whole numbers (numerators), as 
are the 32nds, but with a different color. 
The 72nds do not need to be labeled. A 
good protractor is needed in order to do 
an accurate job, preferably one which is 
graduated in half-degrees. 

Next, five 6” circles are cut from colored 
6-ply cardboard or construction paper. 
It is convenient to have a different color 
for each circle to facilitate recognition. 
Then each circle is cut up into its respec- 
tive unit fraction parts. This should pro- 
duce 23 parts which are labeled with the 
proper fraction symbol on both sides. It 
is also necessary to put on each part 1/2, 
1/3, and 1/4 marks on both sides. This 
can easily be accomplished by placing 
the pieces on the completed fraction circle 
and marking them accordingly. This 
completes the construction of the kit. 

Arbitrarily, I chose the ‘9 o'clock” 
position on the fraction circle as the 
starting point for the operations of addi- 
tion, multiplication, and division. The 
fraction pieces are placed on the circle in 
a clockwise direction beginning at the 
radius OA. Suppose we want to add 1/3 
and 1/4. The proper fraction pieces are 
selected and placed on the circle. The two 
parts added together reach the 14 mark 
on the circle which is 14/24 or 7/12. 
More than two fractions with unlike 
denominators can be added in the same 
manner, such as 1/3, 1/4, and 1/6. 

Subtraction is performed by locating 
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the minuend on the circle and laying the 
fraction piece(s) representing the sub- 
trahend in a counterclockwise direction 
from the radius of the minuend. For ex- 
ample, if we wish to subtract 3/8 from 5/6, 
place three of the 1/8 pieces on the circle 
in a counterclockwise direction beginning 
at the 5/6 mark. The result we read off 
the circle as 11/24. 

Division can be accomplished by placing 
the number of fraction pieces equal to the 
divisor on the circle in a clockwise direc- 
tion until the fraction represented by the 
dividend is reached or passed. The number 
of pieces needed to reach the dividend 
(it may be a mixed number) is the quo- 


tient. Perhaps the problem is to divide 5/6 
by 1/3. This requires placing all three 1/3 
pieces on the circle. We notice that it 
takes all of two of the thirds and part of 
the third piece. We see that 5/6 which 
is our dividend coincides with the 1/2 
mark on the third piece so that our an- 
swer is 2 1/2. 

Multiplication is a bit different in that 
the fraction pieces representing either of 
the two fractions to be multiplied can 
be placed on the circle, but sometimes one 
works much better than the other. In the 
case of 1/6 times 3/4, a piece representing 
1/6 can be placed on the circle and then 
locating the fraction on the circle which 
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coincides with the 3/4 mark on the piece 
will give us the answer. Also, placing 
three 1/4 pieces on the circle and noting 
that half of the first piece represents 1/6 
of the three 1/4 pieces, the fraction coin- 
ciding with this mark must also give us 
the correct solution. 

With a little experimentation and 
imagination, it is possible to handle many 
combinations in each of the four opera- 
tions. One of the pleasant features is that 
most answers can be read off directly, 
and even when adding and subtracting 
fractions with unlike denominators, there 
is no need for finding a common denom- 
inator. At most, one may occasionally 
have to reduce to simplest form. 

Provisions for the use of fifths may be 
added if desired. This could probably best 
be accomplished by making up another 
fraction circle divided into fifths, tenths, 
20ths and 40ths instead of including them 
on the circle described above. 

It would be ideal for each student in the 
class to make his own kit, either in part 
or entirely. All 24 pieces can easily be 
made from colored 6-ply cardboard which 
is durable, easily cut, and is readily avail- 
able at a low cost. The parts can be kept in 
individual envelopes which would fit in a 
notebook. 

The device described here may be more 
elaborate than necessary for students who 
are just beginning the study of fractions. 
The use of halves, quarters, and eighths 
may be sufficient. For those who have 
not yet learned to use compasses and 
protractor, it may be necessary for the 
teacher to make up mimeograph or ditto 
copies of the fraction circle and let the 
student fill in the fraction symbols. Also 
the teacher may have to prepare the card- 
board or construction paper with the 
circles and parts already drawn on them, 
but the student can cut them out. For the 
more advanced student, the entire kit 
can probably be made with only a little 
assistance from the teacher. Just having 
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the student computing the number of 
degrees required for each of the parts of 
the circle will prove to be a valuable 
learning experience for him. 

I believe that this project would pro- 
vide the student with the much needed 
“discovery” type of learning. The student 
is able to manipulate fractions physically 
rather than struggle with meaningless 
abstract symbols. He can readily ‘“‘see”’ 
that 1/5 is larger than 1/8, that 1/6 is 
half of 1/3, and that 7/8 divided by 1/6 
means how many sixths are contained in 
7/8? It must be emphasized that how 
much a student “discovers” is dependent 
upon how skillful the teacher is in asking 
the kind of questions which will foster 
discovery. Even though this is not in- 
tended to be a toy, the “game element” 
can be used to advantage to stimulate 
interest. 


Two New Courses of Study 


These courses arrived too late for com- 
petent review but they appear so attrac- 
tive and inclusive that they are worthy of 
consultation by teachers and curriculum 
groups elsewhere. Both are size 8 1/2 by 
11 inches and are ring bound and both 
have approximately 150 pages. The teach- 
ers and supervisors who produced them 
should assure competence of organization 
and treatment. 

Elementary Mathematics, Kindergarten 
—Grade Six, Bulletin No. 135 for the 
Public Schools of Montgomery County, 
Maryland is available from the Board of 
Education of Montgomery County, Rock- 
ville, Maryland. The price is $1.50. 

Arithmetic in the Elementary School, a 
curriculum guide for the Baltimore Public 
Schools, is published by the Bureau of 
Publications, Baltimore Public Schools, 3 
Fast 25th St., Baltimore 18, Maryland. 
The price is $1.00. 


BOOK REVIEW 


Enrichment Program for Arithmetic, eight 
pamphlets each for grades 3, 4, 5, and 
6, Larsen, Harold D., Row-Peterson, 
1956. THe AriTHMETIC TEACHER re- 
ceived the eight booklets for use with 
grade four. Cost, $1.60 for a set of eight 
booklets. 


These are materials to be used for en- 
richment. They are suggested as optional 
materials to be available to, all students. 
The use of these booklets is to be con- 
sidered a privilege for those people who 
have completed in a satisfactory manner 
the regular assigned work. Suggestions 
are made on the back of each of the eight 
pamphlets concerning topics with which 
they might be used to advantage. 


Side Trips in Arithmetic, includes discus- 
sions of even numbers, odd numbers, 
ways to discover which whole numbers 
can be divided without remainders by 
2, 3, 4, 5, 6, and 9, short ways to add 
numbers, and squares of numbers. Ex- 
planations made are pictorial as well as 
verbal. The use of the word ‘‘prove”’ 
throughout this pamphlet might be 
criticized. ‘“Show”’ would serve the pur- 
pose. 

Find the Number, discusses results of re- 
versing digits in adding, the magic num- 
ber 9, adding with 7, finding missing 
numbers, and other sorts of number 
tricks. The pupils, after some practice, 
may try these on family, friends, and 
teachers. 

The Story of Zero, tells many interesting 
facts about this often neglected but 
most important symbol in our number 
system. The suggestion of the baseball 
scoreboard and the bean bag game 
should interest many little girls and 
boys. Discussions and pictures describe 
the use of zero as an indicator of no 
score on an event, as a place holder, 


as a remainder, and finally and very 
interestingly, as a starting point on a 
scale. 

Just Like Magic, includes magic cards, 
cut out window cards, number cards, 
mental arithmetic tricks, pattern tricks, 
and the ever popular age tricks. 

Games to Play, includes card type games, 
Nim, Min, match games, multiplication 
combination rummy, bingo with multi- 
plication cards, and baseball! pitcher 
games using multiplication combina- 
tions. 

Magic Squares, has an interesting historic 
introduction. It includes stars, domi- 
noes, circles and triangles, as well as the 
more usual construction and comple- 
tion of magic number squares. 

Crossnumber Puzzles, have as subjects 
addition of tens, subtraction of tens, 
writing numbers, multiplying with and 
without carrying, dividing with carry- 
ing, and measures. 

Time, considers methods of time-telling: 
sun, shadow, sundial, fire clock, water 
clock, hour glass, clock with weights, 
spring driven clock, electric clock, and 
even a clock using atomic energy. The 
word “escapement” is not well ex- 
plained in the discussion of parts of a 
clock. 


This series of pamphlets will be of use 
to any teacher of a fourth grade. It should 
give him some new ideas for encouraging 
pupils to work on their own and also give 
him some concrete materials to put di- 
rectly into the hands of the more capable. 
Mr. Larsen has made a distinct contribu- 
tion to the early training of the future 
scientist, engineer, and citizen. A cheer for 
those who are considering now, material 
to encourage their bright students. Are 
you? 

Dorotuy May Swan 
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SOME THINGS ARE 


WORTH WAITING FOR... 


THE WORLD 
OF NUMBERS, 1957 Edition 


The “extra dividends” in this new series of arithmetic texts will 
make you glad you waited! You will have the satisfaction of using 
the most modern texts ever designed to help you teach arithmetic. 


Ready January 1957 


The Macmillan Company 


New York 11 Chicago 16 Dallas 21 Atlanta 9 


San Francisco 5 


Unique math texts from Allyn and Bacon 
REFRESHER ARITHMETIC HAPPY TIMES 


ond WITH NUMBERS 
FUNDAMENTALS OF 


MATHEMATICS 


By Edwin I. Stein 


By Evelyn Fershing 


Skillful use of lively pictures and ac- 
tivities help elementary school childreh 
grasp number concepts quickly and 
surely in this easy-to-teach, fun-to- 
learn series. 


Widely-adopted in junior and senior 
high schools from coast-to-coast, these 
versatile texts have been specifically de- 


signed to develop and maintain a high Pupils start with the use of things 


level of proficiency in arithmetic. 
Emphasis is on mathematics for every- 
day living . . . vocabulary is simple 
and non-technical enough so that stu- 
dents require little or no assistance ... 


and all practice examples are easy to 
do. 


they already know .. . then, step by 
step, they progress to abstract pictures 
and finally to number symbols. 


Children learn sums through illustra- 
tions—first adding and subtracting 
quantities of animals, toys ; then work- 
ing with meaningful numbers. 


For further details write to the office that serves your state. 


Allyn and Bacon, Inc. 


Boston 8 ©® New York 11 © Chicago 7 


Atlanta 3 © Dallas 2 © San Francisco 5 


Please mention the ARITHMETIC TEACHER when answering advertisements 
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A New Series Outstanding in Teachability 


ARITHMETIC WE NEED 


Buswell FROM teachers all over America comes praise for the 
Brownell wealth of teacher-helps in this new series for Grades 
Sauble | through 8. You can teach directly from the teachers’ 


manuals, for these include reproductions of all text- 
book pages with answers in red. Clue-captions on the 
pages tell the main purpose of each lesson; oral and 
written materials are carefully marked; and the oral 
matier guides the teacher in conducting class discus- 


sions, 


There is a complete program for caring for pupils 
differences in ability. The manuals offer suggestions 


and devices for teaching every lesson. 


This Series Stresses Understanding 


ARITHMETIC WE NEED is also notable for its 


Sales Offices: emphasis on understanding—and for its constant effort 
to make pupils see both sense and usefulness in arith- 
Chicage 6 metic. The approach is always meaningful. The teach- 
Atlanta 3 ing pace is unhurried—giving the pupil ample time to 
Dallas 1 grasp what he is doing as he does it. 
Columbus 16 The textbooks, teachers’ manuals and workbooks 
San Francisco 3 ‘ 
all give the teacher maximum help in presenting arith- 
Toronto 7 
metic in the most appealing and effective way. The en- 
Home Office: tire series is handsomely illustrated and interestingly 
Boston written. 


Please Ask for Descriptive Booklet 311 


GINN AND COMPANY 


Please mention the ARITHMETIC TEACHER when answering advertisements 
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Experience in Manipulating Numbers 
with the KEN+ADD Adding Machine 
Stimulates Pupil’s Interest in Arithmetic 


Watching the figures add up as they are 
manipulated focuses the child's attention on 
the problem. The principle of carrying is 
demonstrated visually. Counting by two, 
threes, etc., is easy to teach, too. The 
“Ken+Add" is a precision built tool that 
stands lots of use and abuse. Columns of 
figures can be written on the magic slate in 
the top, then added on the machine. 


ALL METAL—FULLY 
GUARANTEED 


Tested and Approved by Assoc. for Child- 
hood Education, International and Na- 
tional Council of Teachers of Mathematics. 


Available at school and stationery supply 
stores, typewriter dealers and through lead- 
ing direct mail catalogs. Or write today for 
complete information. 


Ken, Inc. P.O. Box 871 Minneapolis 1, Minnesota 


FOR 
EFFECTIVE 
VISUAL 
MATH 
TEACHING... 


Pana-math is a versatile class- 
room counting frame for inci- 
dental learning of the important concepts of arithmetic. The 
ancient abacus is now adapted as a modern aid to t/sualize num- 
* Time Teaching Clocks * Clock Diels bers, groups and relationships by actaal arrangement of beads. 
Magnetic © Sturdily constructed of 13/16” hardwood the frame has 10 re- 
* Peg & Peg Boards * Jig Sow Puzzles 16 colocfal beads 
* Ironing Boards * Basket Bottoms P we 
* Refrigerators * Dutch Cabinets Specify Pana-math for all new or replacement count- 
* Easels * Portable Black Boards ing frame equipment. (Pat. No. 2,655,737) 
* Black Board Erasers * Steves 
* Sinks * Colored Wood Beads 
* Window Poles 


Grade | to 4 Requirement 


DAINTEE TOYS, 


(230-8 STEUBEN STREET, BROOKLYN 5, N. 
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An approach 
that gives children 
the thrill of 


discovering 


number 
relationships 


for themselves 


A basal series for 
the Kindergarten 
through 
Grade Two 


STRUCTURAL ARITHMETIC 


HOUGHTON 
MIFFLIN 
COMPANY 


BOSTON 
New 
CHICAGO 
DALLAS 
ATLANTA 
Pato ALTO 


CATHERINE STERN 


Through concrete devices 
which have all the properties 
of abstract numbers, pupils 
learn through measuring rather 


than counting. 


From the first, they can 
visualize the specific quantity 
a number represents, its rela- 
tionship in a series, facts 
about odd and even numbers, 
why and how we add and sub- 


tract. 


Through experiment and 
discovery they can see and 
understand not only when 
they are right or wrong but 
why. 


An approach 
that instantly 
captures and holds 
a child’s interest 
because it makes 
learning 


exciting and fun 


Please mention the ARITHMETIC TEACHER when answering advertisements 
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y Flash Cad - Wheel! 


Arit': metic teachers 
everywhere are hailing 


Flash Cards 
on a Wheel 


NEW METHOD OF USING FLASH CARDS 


ARE YOU TIRED of holding up old style arithmetic 
flash cards? Then you should be using the new 
FLASH CARD-WHEEL in your classroom. 


ALL 390 basic number combinations on ten large 
1|7-inch card-wheels. Just turn a wheel and flash the 
combinations to the pupils. Answers on back of wheel 
as it is turned. 


EASY TO USE 


SCHOOL SUPPLY DEALERS 
PLEASE WRITE US 


Let the FLASH CARD-WHEEL 
For You! 


[] Add. and Subt. Set (five wheels) ae . $3.50 
[] Mult. and Div. Set (five wheels). 
[] Flash Board Standard . . . .. 1.75 
[] Special Offer—The complete set 

including standard . . . . . . . . $8.50 


(You save 25 cents) 


EASY TO CHANGE WHEELS 


Cut out this “ad” and send it with 
your order to any school supply dealer. 


L. M. WRIGHT COMPANY 


Manufacturers 


686 EAST MARIPOSA STREET ALTADENA, CALIFORNIA 


Please mention the ARITHMETIC TEACHER when answering advertisements 
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pom D, (-. Heath and (Company 
LEARNING TO USE ARITHMETIC 


Readiness Book Book 1 Book 2 by GUNDERSON AND HOLLISTER 


Gay textbook-workbooks . . . Graded exercises and lively pictures of familiar number 
situations from the child’s own everyday world . . . Help for teachers in guiding children 
to an understanding of number meanings and relationships . . . Easy to teach . . . Easy to 
learn from . . . Ample working space for the children. Accompanied by interleaved Teachers 
Guide 


TEACHING ARITHMETIC IN GRADES 
| AND Il 


by HOLLISTER AND GUNDERSON 


This profusely illustrated professional book provides help both for students preparing 
to teach and for beginning teachers. For the experienced ‘cadhan, it will serve as a guide 
and as a source of ideas and devices for use in the classroom. It provides information 
needed as background in teaching primary arithmetic and discusses in detail the teaching 
of arithmetic in grades one and two. Illustrated with photographs, line drawings, and 
sample lessons. 


SALES oFFices: Englewood, N.J. Chicago 16 San Francisco 5 Atlanta 3 Dallas 1 HOME oFFice: Boston 16 


ANNOUNCING 
A NEW First and Second Grade Arithmetic Program 


UNDERSTANDING ARITHMETIC 


GRADES | AND 2 


Sanders © Schmidt © Williams © McSwain 


Outstanding by 


Step-by-step teaching plan 

Tested and developed in the classroom 
Each lesson is clearly defined 
Provisions for independent activity 
Complete helpful teachers’ editions 


| Write for 
descriptive circular 


Summit, New Jersey * Palo Alto, Calif. * Dallas, Texas * Atlanta, Ga. 


Please mention the ArITHMETIC TEACHER when answering advertisements 
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MORTON 
GRAY 
SPRINGSTUN 
SCHAAF 


Grades 1 through 8 
A complete program, including— 


PUPILS’ BOOKS—Textbooks for grades 3 to 8 provide new kinds of 
materials for those who excel. A special section in each book, en- 
titled “How Far Can You Go In Arithmetic?”’, gives added depth 

of understanding for the more able pupils. 


TEACHERS’ EDITIONS—Everything the teacher needs, where the 
teacher needs it. Complete pages from the pupils’ books and, below 
them, teaching suggestions for a three-level program of “grouping 
in depth” to meet different needs and abilities. 


for grades 3 to 8 
grades 3 to 8 
Eight tests for each grade 
One test for each grade 

SILVER BURDETT COMPANY = Morristown, New Jersey 
New York Chicago San Francisco Dallas Atlanta 


Please mention the ArtramMetic TEACHER when answering advertisements 
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3 Complete 
BOOKS 


Erase by Magic 
Use over and over 


ADDITION & 
SUBTRACTION 


MULTIPLICATION 
& DIVISION 


DECIMALS & 
FRACTIONS 


ony 25¢ EACH 


Please mention the ArIrHMETIC TEACHER when answering advertisements 


MEMORY DRILL CAN BE DULL... 


INTRODUCING 
A NEW efFective 


NUMBER 
PRACTICE 
DEVICE 


*% witha touch of MAGIC! 


All the basic combinations at their fingertips 
in this colorful, fascinating MAGIC Book. 


MAGIC | 
SLATE 


Number Practice 


WRITE without a pencil 
ERASE without an eraser 


Samples free. STRATHMORE Co. Aurora, Ill. 
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